
Chapter 1

Introduction

Computational geometry involves the design, analysis and implementation of efficient algorithms for
geometric problems. It combines computer science techniques of efficient data structure design with
combinatorial analysis of the underlying geometric structure.

The traditional approach in developing and analyzing algorithms for solving problems in computa-
tional geometry relies on the following two assumptions: (i) Computation is being carried out on a RAM
machine; namely, the computations are carried out using infinite precision, and the time to carry out
each atomic operation is a constant, and (ii) the input is non-degenerate geometrically; e.g., no three
input points lie on the same line, no three input lines are concurrent, etc.

Unfortunately, those two assumptions are not realistic. In “real” life, the input is usually degenerate,
and is often inexact, and computations, usually carried out using floating-point operations, are inherently
inexact as well. These situations arise either because the input is synthetic (e.g., a computerized model
of an engine) and then it will almost surely contain degeneracies, or alternatively, the input is obtained
through sampling of physical data, where the sampling itself will be inexact.

As noted, computations are usually carried out using floating-point arithmetic, which have only
finite precision. In particular, a sequence of operations might fail because of errors created by this finite
precision computation. Even if the input is exact, performing the computation in an exact manner is
usually hard, prune to errors, and significantly slower than floating-point computations. This requires
exact arithmetic [Gae98], filtering techniques [BBP98], and robust computations [Sch99].

These shortcomings make the implementation of geometric algorithms a non-trivial undertaking.
Consider, for example, algorithms for geometric optimization problems. A typical example is: Given
a set S of n points in the plane, find an annulus of minimum width that contains S. In view of the
preceding discussion, it will often be infeasible in practice to find the real optimal solution. This is
because the optimum might typically be hard to compute (see below for the case of the minimum-
width annulus), and, due to the inexactness of the input and the computations, we might be unable to
distinguish between the optimal solution and another, close but suboptimal solution.

This suggests that instead of insisting on computing the exact solution for such an optimization
problem, one should be satisfied with a possibly suboptimal solution that approximates the optimum
reasonably well.

Thus, we would like to come up with simple and practical approximation algorithms that work much
faster than traditional exact algorithms, but provide only an approximate solution; that is, a solution
which is guaranteed to be close to the optimal/correct solution, typically within a factor of 1+ ε, where
ε > 0 is a specified error parameter. The development of such approximation algorithms received a lot of
attention in recent years in Computer Science in general, and in Computational Geometry in particular.

Theoretically, one of the main attractions in approximation algorithms is usually their low asymptotic
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running time. In particular, certain approximation algorithms provide approximate solutions to NP-
complete problems that, unless P = NP , cannot be solved efficiently in exact manner because their
solution requires super-polynomial time, whereas their corresponding approximation algorithms have
polynomial or sometime even near-linear running time [Aro98].

In this first part of the thesis, we present several approximation algorithms for a variety of problems
in Geometric Optimization. Our results are currently the fastest known algorithms for those problems.
In the following subsections we state and review the problems studied in the first part of the thesis.

1.1 The Approximate Euclidean Shortest-path Problem

The three-dimensional Euclidean shortest-path problem is defined as follows: Given a set of pairwise-
disjoint polyhedral objects in IR3 and two points s and t, compute the shortest path between s and t
which avoids the interiors of the given polyhedral ‘obstacles’. This problem has received considerable
attention in computational geometry. It was shown to be NP-hard by Canny and Reif [CR87], and
the fastest available algorithms for this problem run in time that is exponential in the total number of
obstacle vertices (which we denote by n) [RS94, Sha87]. The intractability of the problem has motivated
researchers to develop polynomial-time algorithms for computing approximate shortest paths and for
computing shortest paths in special cases.

In the approximate three-dimensional Euclidean shortest-path problem, we are given an additional
parameter ε > 0, and the goal is to compute a path between s and t that avoids the interiors of the
obstacles, whose length is at most (1+ε) times the length of the shortest obstacle-avoiding path (we call
such a path an ε-approximate path). Approximation algorithms for the three-dimensional shortest path
problem were first studied by Papadimitriou [Pap85], and later by Clarkson [Cla87a], whose algorithm
computes an ε-approximate shortest path in close to O(n2/ε4 logO(1) n) time (the complexity of the
algorithm depends also on an additional parameter involving the input obstacles).

The problem of computing a shortest path between two points along the surface of a single convex
polytope is an interesting special case of the three-dimensional Euclidean shortest-path problem. Sharir
and Schorr [SS86] gave an O(n3 log n) algorithm for this problem, exploiting the property that a shortest
path on a polyhedron unfolds into a straight line segment. Mount et al. [MMP87] improved the running
time to O(n2 log n); their algorithm works for non-convex polyhedra (or polyhedral surfaces) as well.
Chen and Han [CH96] gave another algorithm with an improved running time of O(n2). It is a rather
long-standing and intriguing open problem whether the shortest path on a convex polytope can be
computed in subquadratic time (Kapoor [Kap99] has recently announced such an algorithm). This has
motivated the problem of finding near-linear algorithms that produce only an approximation of the
shortest path. That is, we are given a convex polytope P with n vertices, two points s and t on its
surface, and a positive real number ε. Let πP (s, t) denote any shortest path between s and t along the
surface of P , and let dP (s, t) denote its length (πP (s, t) is usually, but not always, unique). We want to
compute a path on the surface of P between s and t whose length is at most (1 + ε)dP (s, t).

The first result in this direction is by Hershberger and Suri [HS95]. They present a simple algorithm
that runs in O(n) time, and computes a path whose length is at most 2dP (s, t). Recently, Varadarajan
and Agarwal [VA97] gave a subquadratic time algorithm that computes a constant approximation to
the shortest path on a polyhedral terrain (i.e., a polyhedral surface that is the graph of a continuous
piecewise-linear function).

We present solutions to several problems for approximate shortest paths involving convex polytopes,
polyhedral surfaces, and general polyhedral scenes in IR3. In all those problems, our solutions are much
faster than the best known algorithms for the corresponding exact problems.
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Constant-approximation shortest path queries. In Section 3.1, we present an alternative to the
algorithm of [HS95] that receives as input a convex polytope P with n edges and preprocesses P in
O(n) time, such that for any s, t ∈ ∂P , one can compute, in O(log n) time, a number ∆P (s, t), such that
dP (s, t) ≤ ∆P (s, t) ≤ 8dP (s, t).

The results of Section 3.1 appeared in [Har99a].

Computing ε-approximate shortest paths. Given a convex polytope P with n faces, two points
s and t on ∂P , and a parameter ε > 0, we present, in Section 3.2, an algorithm that computes a
polygonal ‘outer’ path of P (a path avoiding the interior of P ) between s and t whose length is at most
(1 + ε)dP (s, t), and which consists of O(1/ε1.5) segments, in time O(n+ 1/ε3).

The results of Section 3.2 appeared in [AHSV97].

ε-approximate shortest path queries. Combining the two preceding algorithms, one obtains an
algorithm with O(n) preprocessing time, such that for any s, t ∈ ∂P and 0 < ε ≤ 1, it computes a
length ∆P (s, t) of an ε-approximate shortest path between s and t on ∂P , in O((log n)/ε1.5+1/ε3) time.
The algorithm is presented in Section 3.2.1. In contrast, the fastest known algorithm for computing a
data-structure that supports queries of computing the length of the exact shortest path between any pair
of points on ∂P is due to [AAOS97]; it requires O(n6m1+δ) space and preprocessing time, for any δ > 0,
and answers a query in O((

√
n/m1/4) logm) time, where 1 ≤ m ≤ n2 (the constants of proportionality

depend on δ).
The results of Section 3.2.1 appeared in [Har99a].

Approximate geodesic diameter. We present in Section 3.3 an algorithm that computes, for a
given convex polytope P with n edges in IR3, and a parameter 0 < ε ≤ 1, two points s, t ∈ ∂P such that
dP (s, t) ≥ (1− ε)DP , where DP = maxs,t∈∂P dP (s, t) is the geodesic diameter of P . The running time of
the algorithm is O(n+ 1/ε5). In contrast, the fastest known algorithm for the exact geodesic diameter
takes O(n8 log n) time (see [AAOS97]).

The results of Section 3.3 appeared in [Har99a].

Approximate shortest-path maps. The exact algorithms of [MMP87, SS86] receive as input a
convex polytope or a polyhedral surface P , and a fixed source point s on P , and compute a map (i.e.,
a subdivision of P) of complexity Θ(n2), that can be used to answer (exact) shortest path queries from
s to any point on P (along P) in O(log n) time (such a query reports the length of the shortest path;
reporting the path itself might require more time). This shortest path map can be stored in linear space,
for the case of a convex polytope, by using a persistent data-structure, see [Mou87]. However, the time
required to compute this compact representation of the shortest-path map is quadratic in the worst
case. This raises the problem of computing a map of near-linear size for fast approximate shortest-path
queries from s. We show in Section 4.3 that this is indeed possible: Given a polyhedral surface P with n
edges in IR3, a source point s ∈ P , and a prescribed 0 < ε ≤ 1, there exists a map (a subdivision of P) of
complexity O((n/ε) log (1/ε)), such that for any t ∈ P , one can compute the length of an ε-approximate
shortest path between s and t on P in O(log (n/ε)) time, by locating t in the map.

In Section 4.3, we present an algorithm that constructs such an approximation map in O(n2 log n
+(n/ε) log(1/ε) log(n/ε)) time, for the case of a polyhedral surface, and in O((n/ε3) log(1/ε)+ (n/ε1.5)
log (1/ε) log n) time, for the case of a convex polytope. Note that if P is a convex polytope then the
result of Section 3.2.1 provides an alternative structure with similar properties. However, the dependence
of the query time on ε is much better in this method.
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Figure 1.1: The Annulus A∗(S).

The results of Section 4.3 appeared in [Har99b].

Approximate spatial shortest-path maps. In Section 4.4, we present a similar result for ε-
approximate shortest-path queries among polyhedral obstacles (with pairwise-disjoint interiors) in IR3.
Let O be such a set of polyhedral obstacles in IR3 with a total of n edges, s a source point in IR3, and
0 < ε ≤ 1 a parameter. We show that there exists a spatial subdivision M of IR3, such that for any
t ∈ IR3, one can compute, in O(log (n/ε)) time, the length of an ε-approximate shortest path between s
and t, that avoids the interiors of the obstacles, by performing a spatial point location query with t in
M. The space needed to compute and preprocess M for spatial point location is O(n2/ε4+δ), for any
δ > 0, and the preprocessing time is

O

(
n4

ε2

(
β(n)

ε4
log

n

ε
+ log (nρ) log(n log ρ)

)
log

1

ε

)
,

where ρ is the ratio of the length of the longest edge in O to the Euclidean distance between s and

t, β(n) = α(n)O(α(n))O(1)

, and α(n) is the extremely slowly growing inverse of the Ackermann function.
This algorithm uses the algorithm of Clarkson [Cla87a], that computes an ε-approximate shortest path,
between two given points, in

O

(
n2

ε4
β(n) log

n

ε
+ n2 log (nρ) log(n log ρ)

)

time.
The results of Section 4.4 appeared in [Har99b].

1.2 Approximating Minimum-Width Annuli and

Shells

Let S be a set of n points in IRd. The roundness of S can be measured by approximating S with a sphere
Γ so that the maximum distance between a point of S and Γ is minimized, i.e., we wish to compute

min
c∈IRd,r∈IR

max
p∈S
|d(p, c)− r|.
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For c ∈ IRd and for r, R ∈ IR with 0 ≤ r ≤ R, we define the spherical shell (shell, for short, and, in
the plane, annulus) A(c, r, R) to be the region lying between the two concentric spheres of radii r and
R centered at c. The width of A(c, r, R) is R − r. The problem of measuring the roundness of S is
equivalent to computing a shell, A∗(S), of the smallest width that contains S. See Figure 1.1.

The main motivation for computing a minimum-width shell or annulus comes from metrology. For
example, the circularity of a two-dimensional object O in the plane is measured by sampling a set
S of points on the boundary of O (e.g., using coordinate measurement machines) and computing the
width of the thinnest annulus containing S [Fos82]; the thinner the annulus is, the more round O
is. Motivated by this and other applications, the problem of computing A∗(S) in the plane has been
studied extensively [AAS97, AS96, AST94, AGSS89, EFNN89, EGS86, LL91, MSY97, PS85, Riv79,
RLW91, RZ92, SY95, SJ95, YC97]. Ebara et al. [EFNN89] observed that in the planar case the center
of A∗(S) is a vertex of the overlay of the nearest- and the farthest-neighbor Voronoi diagrams of S.
The observation was later refined and extended in [GLRS98, SJ95]. These observations immediately
lead to an O(n2)-time algorithm for computing A∗(S) in the plane. Subquadratic algorithms were later
developed in [AAS97, AS96, AST94]. The asymptotically fastest known (randomized) algorithm, by
Agarwal and Sharir [AS96], computes A∗(S) in expected time O(n3/2+δ), for any δ > 0. Since the
subquadratic algorithms are rather complicated, simpler and faster algorithms have been developed
for various special cases [BBB+98, DGR97, LL91, SLW95]. Mehlhorn et al. [MSY97] and Kumar and
Sivakumar [KS99] have studied this problem under the probing model in which the set S of sample
points is chosen adaptively; see the original papers for details.

Very little is known about computing A∗(S) efficiently in higher dimensions. Extending the observa-
tion by Ebara et al. [EFNN89] to IR3, it can be shown that the center of A∗(S) is the intersection point
of an edge of the nearest-neighbor Voronoi diagram of S with a face of the farthest-neighbor Voronoi di-
agram of S, or vice versa. Using this observation, A∗(S) can be computed in O(n3 log n) time [DGR97].
This idea can also be extended to higher dimensions.

We obtain faster and simpler algorithms for computing approximate minimum-width shells and
annuli. For d ≥ 2, given a parameter ε > 0, we present simple algorithms that run either in time
O
(

n
εd
log( ∆

ω∗ε)
)
or in time O

((
n log n
εd−2 + n

εd−1

)
log
(

∆
ω∗ε

))
for computing a shell that contains S and whose

width is at most (1+ ε)ω∗, where ω∗ = ω∗(S) is the width of A∗(S) and ∆ = diam(S) (See Section 5.3).
If the middle radius (i.e., average of the inner and outer radii) of A∗(S) is at most U · diam(S), then
the running time of the algorithms is either O((n/εd) logU) or O

((
n log n
εd−2 + n

εd−1

)
logU

)
. In most of the

practical situations, U is a constant. For example, if, in the planar case, the input points span an angle
of at least θ with respect to the center of A∗(S), then U = O(1/θ).

A main idea used in the algorithm is the observation that, in the plane, the minimum-area annulus
containing S can be used to approximate A∗(S), and while this approximation might not always be
good, it can at least be computed in linear time (using linear programming). We show how to refine
this idea (and extend it to higher dimensions) to achieve the bounds stated above.

For the planar case, Agarwal et al. [AAHS00] gave an O(n log n)-time algorithm that computes
an annulus of width ≤ 2ω∗(S). Using this algorithm, we present in Section 5.3.1, an algorithm that
computes an annulus that contains S whose width is at most (1 + ε)ω∗, where ω∗ is the width of A∗(S)
and ε > 0 is a given error parameter. The algorithm runs in O(n log n+ n/ε2) time.

The results of Chapter 5 appeared in [AAHS00].

1.3 Approximating the Minimum-Volume Bounding Box

In Chapter 6, we give an efficient algorithm for solving the following problem:
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Given a set S of n points in IR3 and a parameter 0 < ε ≤ 1, find a box B (not necessarily
axis-aligned) that encloses S and approximates the minimum-volume bounding box Bopt of
S, so that Vol(B) ≤ (1 + ε)Vol(Bopt).

Three-dimensional boxes which enclose sets of points are used for maintaining hierarchical partition-
ing of sets of points. These data structures have important applications in computer graphics (e.g., for
fast rendering of a scene or for collision detection), statistics (for storing and performing range-search
queries on a large database of samples), etc. From a top-down viewpoint, the problem in such ap-
plications is divided into two (admittedly, related) problems of splitting a given set of points into two
(or more) subsets, and of computing a nearly-optimal box (or another generic shape) that encloses each
subset. We concentrate on the second problem.

Numerous heuristics have been proposed for computing a box which encloses a given set of points.
The simplest heuristic is naturally that of computing the axis-aligned bounding box (AABB) of the point
set. Two-dimensional variants of this heuristic include the well-known R-tree, the packed R-tree [RL85],
the R+-tree [SRF87], the R∗-tree [BKSS90], etc. Held et al. [HKM95] use a minimum-volume AABB
trimmed in a fixed number of directions for speeding up collision detection. Gottschalk et al. [GLM96]
implement in their RAPID system the OBB-tree (tree of arbitrarily-oriented bounding boxes), where
each box, which encloses a set of polygons, is aligned with the principal components of the distribution
of polygon vertices. A similar idea is used for the BOXTREE of Barequet et al. [BCG+96]. The latter
work suggests a few variants, in which the computed box is aligned with only one principal component
of the point distribution (e.g., the one that corresponds to the smallest or largest eigenvalue of the
covariance matrix of the point coordinates), and the other two directions are determined by another
method (e.g., by computing the minimum-area bounding rectangle of the projection of the points into a
plane orthogonal to the first chosen direction). Other generic shapes, such as a sphere [Hub95], a cone
[Sam89], or a prism [FP87, BCG+96] were also used for maintaining a hierarchical data structure of
point containers. Most of these heuristics require O(n) time and space for computing the bounding box
(or another shape) but do not provide a guaranteed value (approximation factor of the optimum) of the
output.

An algorithm of Bespamyatnikh and Segal [BS97] solves a similar problem, in which the n points
are to be contained in two axis-aligned boxes, and the goal is to minimize the volume (or any other
monotonic measure) of the larger box. Their algorithm requires O(n2) time.

O’Rourke [O’R85] presented the only algorithm (to the best of our knowledge) for computing the
exact arbitrarily-oriented minimum-volume bounding box of a set of n points in IR3. His algorithm
requires O(n3) time.

In Chapter 6, we present the first two (1 + ε)-approximation algorithms for the minimum-volume
bounding-box problem. Both algorithms are nearly linear in n. The running times of these algorithms
are O(n + 1/ε4.5) and O(n log n + n/ε3), respectively. The second algorithm is generally less efficient
asymptotically, but it is simpler to implement and performs well in practice.

The results of Chapter 6 appeared in [BH01].


