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Abstract

Pseudo-triangulations in two dimensions had attracted attention in computational
geometry in recent years [CEG+94, PV96, Str00, ABG+01]. We present one possible
extension of this concept to three dimensions. Our construction has several desirable
properties, among them having the same number pseudo-triangles, independent of the
point configuration, overall linear complexity, and relatively simple construction.

1 Construction

A pseudo triangle in the plane is a simple polygon with exactly three convex vertices. Given
a set P of points in the plane, a pseudo-triangulation of P is a partition of the convex-hull
of P into pseudo-triangles whose vertex set is P .

Intuitively, a pseudo-triangle in three dimensions is the region lost from the convex-hull
of a point set when we remove one point from the point set.

Definition 1.1 For a set P ⊆ R3, and a point p ∈ P , the pseudo-triangle of p, or simply tent,
is the region 4(P, p) = CH(P )\CH (P − p), where P −p denote the set P \{p}. The ceiling
of 4 is the portion of its boundary lying in its upper part; formally, d4e = 4 ∩ ∂CH(P ).
Similarly, the floor of 4 is b4c = 4∩ ∂CH(P − p).

The outer edges of a text 4 are the edges common to the floor and the ceiling of 4;
namely, those edges form the silhouette of CH(P − p) from p.

A tent is made out of a region between two convex shapes, and its two dimensional
corresponding object is a pseudo triangle, as can be easily verified.

One can now naturally define a pseudo triangulation of P , by picking a vertex of the
convex hull, removing its tent, and repeating till we remain with a simplex. Clearly, the
number of tents in the decomposition of P is n− 3 (under general position assumption).

However, note that in the worst case, the complexity of this construction is Θ(n2), as can
be easily observed by placing n/2 points on a circle on the xy-plane, and n/2 points along
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the z-axis. Clearly, if we use for the first n/2 − 1 tents an apex which lie along the z axis,
then the complexity of the resulting pseudo-triangulation is Θ(n2).

We need the following simple observation: By the planarity of the boundary of the
convex-hull of P , there always exists a vertex of degree at most 6 on ∂CH(P ). It is natural
to pick such a vertex to be an apex of a tent.

Definition 1.2 A point p ∈ P , which is a vertex of the convex hull of P , and it has a
constant number of neighbors on CH(P ) is admissible.

A pseudo-triangulation in three dimensions of a point-set P is a decomposition of CH(P )
into tents formed by picking an admissible point p ∈ P , adding the tent 4(P, p) to the
resulting collection of tents, and repeating this process on P − p.

Note, that this pseudo-triangulation is essentially the decomposition formed by the
Dobkin-Kirkpatrick hierarchy [DK85], if P is in convex position. Thus, the above defi-
nition of pseudo-triangulation is interesting only in the context when P is not in convex
position.

Claim 1.3 A pseudo-triangulation T in three dimensions of a set P of n points has n − 3
tents, and overall complexity O(n). It can be computed in O (n1+ε) time.

Proof: The claim on the number of tents is immediate. As for the complexity, observe that
by construction the combinatorial complexity of any ceiling of a tent in the triangulation is
O(1). Furthermore, by planarity of the b4c, it follows that the complexity of b4c is bounded
by O (µ4 + τ4), where µ4 is the number of outer edges of b4c, and τ4 is the number of
internal vertices inside b4c. However, µ4 is bounded by the complexity of d4e which is
O(1).

It follows that the complexity of the pseudo-triangulation T is bounded by∑
4∈T

O (µ4 + τ4) = O(n),

since a point q of P would contribute at most once to the summation
∑

4∈T τ4. Indeed, the
only time q contribute to this summation is when it appears for the first time on the convex
convex hull of the point set.

As for computing T , we observe that in each iteration we need to compute the portion of
the convex hull that was exposed when the point pi was removed from P . This can be easily
done using a sequence of ray-shooting queries in the dual. This would require O(n) queries,
and O(n) deletions, and using the same techniques used for computing convex-layers of a
point set, this can be done in O(n1+ε) time. See [AM95].

2 Conclusions

The obvious open question is to achieve a faster algorithm for computing a pseudo-triangulation
in three dimensions. In particular, it seems natural to try and deploy a randomized incre-
mental construction techniques. However, this would yield a slightly different triangulation
(as a point inserted inside a tent would split it into two tents), and more importantly, it is
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no longer true that the defining set of a tent has constant size. As such it seems that the
standard analysis fails.

On a side note, it would also be interesting to achieve a faster algorithm than the algo-
rithm of Agarwal and Matoušek [AM95] for convex layers in three dimensions.
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