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Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes above.

Staple this sheet to the top of your homework.

Note: You will be held accountable for the appropriate responses for answers (e.g. give models,

proofs, analysis, etc). For NP-Complete problems you should prove everything rigorously, i.e. for

showing that it is in NP, give a description of a certi�cate and a polynomial time algorithm to verify

it, and for showing problems are NP-Hard, you must show that your reduction is polynomial time

(by similarly proving something about the algorithm that does the transformation) and proving

both directions of the `if and only if' (a solution of one is a solution of the other) of the many-one

reduction.



Only of myself I know how to tell,

my world is as narrow as an ant's.

like an ant too my burden I carry,

too great and heavy for my frail shoulder.

My way too - like the ant's to the treetop -

is a way of pain and toil;

a gigantic hand, assured and malicious,

a mocking hand hinders

All my paths are made bleak and tearful

by the constant dread of this giant hand.

Why do you call to me, wondrous shores?

Why do you lie to me, distant lights?

� Only of Myself, Rachel

Required Problems

1. NP-Completeness collection

[20 Points]

Prove that the following problems are NP-Complete.

A. [4 Points]

Problem: MINIMUM SET COVER

Instance: Collection C of subsets of a �nite set S and an integer k.
Question: Are there k sets S1, . . . , Sk in C such that S ⊆ ∪k

i=1Si?

B. [4 Points]

Problem: BIN PACKING

Instance: Finite set U of items, a size s(u) ∈ ZZ+ for each u ∈ U , an

integer bin capacity B, and a positive integer K.

Question: Is there a partition of U into disjoint sets U1, . . . , UK such

that the sum of the sizes of the items inside each Ui is B or less?

C. [4 Points]

Problem: TILING

Instance: Finite set R of rectangles and a rectangle R in the plane.

Question: Is there a way of placing the rectangles of R inside R, so that

no pair of the rectangles intersect, and all the rectangles have their edges

parallel of the edges of R?

D. [4 Points]

Problem: HITTING SET

Instance: A collection C of subsets of a set S, a positive integer K.

Question: Does S contain a hitting set for C of size K or less, that is,

a subset S′ ⊆ S with |S′| ≤ K and such that S′ contains at least one
element from each subset in C.
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E. [4 Points]

Problem: Max Degree Spanning Tree

Instance: Graph G = (V,E) and integer k
Question: Does G contains a spanning tree T where every node in T is

of degree at most k?

2. From decision to explicit solution.

[20 Points]

A. [10 Points] The Partition satyr, the uncle of the deduction fairy, had visited you on

winter break and gave you, as a token of appreciation, a black-box that can solve Partition

in polynomial time (note that this black box solves the decision problem). Let S be a given

set of n integer numbers. Describe a polynomial time algorithm that computes, using the

black box, a partition of S if such a solution exists. Namely, your algorithm should output

a subset T ⊆ S, such that ∑
s∈T

s =
∑

s∈S\T

s.

B. [10 Points] The deduction fairy turned out to have a large family, and her niece came

and visited you and left you with a black box that can solve the MINIMUM SET COVER

in polynomial time. Show a polynomial time algorithm for solving the minimum set cover

problem (i.e., it outputs the sets in the smallest cover of the given set) using this black

box.

(You should verify, for fun, what problems in the previous exercise can be solved in poly-

nomial time given a black box for the decision problem.)

3. (t, k)-trees.
[20 Points]

A. [2 Points] Prove that if a tree T has degree at most t, then there exists a separating

vertex v ∈ V (T ) such that its removal break T into subtrees, each of them of size at most

d(1− 1/t)ne.
B. [2 Points] Show a linear time algorithm for computing the separating vertex.

C. [4 Points] Present an e�cient algorithm that computes a Vertex Cover of minimum size

in a given tree T .

D. [12 Points] Let t and k be two constants. A graph G = (V,E) is a (t, k)-tree, if there is
a tree Q de�ned over the vertices of G, such that (i) the maximum degree in Q is t, and
(ii) two vertices in G are connected by an edge only if the two corresponding vertices at

Q are in distance at most k in Q.

Provide an algorithm (as fast as possible) that in polynomial time computes the minimum

size Vertex Cover for G. What is the running time of your algorithm (explicitly specify the

dependency on t and k)?

Solution: We will need the following lemma:

Lemma 0.1 Let G be a (t, k)-tree. Let H be a subgraph of G of size n. Furthermore,

assume that there are µ vertices marked in H. Then one can �nd a set U as above,

such that its removal disconnects H into connected components such that each connected

components has at most d(1− 1/t)µe marked vertices.
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In both cases, the sets U can be computed in time O(nt4k+1
), where n = |H(G)|

Proof: Let Q be the tree used to generate G (we use this tree only for the sake of argu-

mentation). Let X ⊆ V (H) be the set of marked vertices, and consider the minimum (in

number of edges) spanning tree of Q that include all the vertices of X, and let T denote

this tree. Arguing as in other parts of the question, there exists a vertex s ∈ T such that

its removal disconnects T , and every tree in the resulting forest has at most d(1− 1/t)µe
marked vertices.

Next, let U ′ be the set of vertices at distance at most 4k from s in T . Clearly, every

connected components of H ′ = HV (H)\U ′ has at most d(1− 1/t)µe marked vertices in it

(to see this, observe that every connected component of H ′ is included in a connected

component of T \ {s}).
Of course, since we do not have T , and thus computing U ′ directly seems impossible. But

it is possible. Indeed, |U ′| = c(t, k) = t4k+1. Thus, enumerating over all possible subsets

of size c(t, k), we are bound to encounter U ′. For each such subset Y , we compute the

induced subgraph HV (H)\Y and check how many vertices are marked in each connected

component. One of these sets must be the desired set.

The idea of the algorithm is to �rst compute a hierarchical decomposition of the graph

G into components such that each component has small interaction with the rest of the

graph. Next, we will use recursion to compute the optimal solution.

Assume we have a an induced subgraph GL of G induced by a subset L of the vertices of G.

Some of the vertices of L would be marked vertices. We would like to decompose GL even

further. If the number of overall vertices is smaller than α = 2t2c(t, k), the we are done

and we consider this to be a base set in our decomposition. Otherwise, if the number of

marked vertices is smaller than α then we compute in O
(
Lt4k+1

)
a separating set U , such

that each connected component of GL\U contains less than d(1− 1/t) |L|e vertices of |L|
(this is done by considering all the vertices of L to be �marked� when applying Lemma ??
to GL). Once we have the set U , for each connected component C of GL\U we consider

the graph GV (C)∪U to be a subcomponent of GL. We continue now recursively to compute

the decomposition, where all the vertices of U are now marked in the next levels of the

recursive decomposition.

Things becomes more exciting if there are µ marked vertices in L and µ > α. We apply

Lemma ?? to break up the graph GL, such that each connected component (even with U
included) would have less than c(t, k) + d(1− 1/t)µe < α marked vertices. We continue

computing the recursive decomposition in this fashion.

Consider a subgraph GL created during this decomposition. It has at most 2α marked

vertices in it, and furthermore, an edges in the original graph between between vertices of

L and vertices of V \L are only between marked vertices of L and vertices of V \L, where
V = V (G). Thus, if we know for the marked vertices of L which ones of them participate

in the vertex cover, we can solve the vertex cover for GL independently of the rest of the

graph.

Thus, we have the resulting decomposition tree T ′. We can now move to the second stage

of the algorithm where we compute the vertex cover.

Every node in the decomposition tree stores a graph Gv, de�ned over a set of vertices

Lv associated with this node, and a subset Mv of marked vertices by higher levers of

the hierarchy and also a subset Uv of separating vertices used in the decomposition when
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computing the decomposition at v. We will compute the vertex cover in G by a recursive

algorithm on T ′.

For a recursive call on a vertex v, the procedure get two sets I and O, such that Mv = I∪O
and I must be in the vertex cover, and O must not be in the vertex cover. The algorithm

now the algorithm would generate all possible subsets of the separating set Uv stored at

v. For such a subset X ⊆ Uv, the algorithm �rst check if I ∪ X covers all the edges in

GUv∪Mv . If not, X is not feasible and we continue to the next subset. Otherwise, we had

�xed X. We set I ′ = I ∪X and O′ = I ∪ (U \X). We perform a recursive call for each

child u of v (note, that for a vertex u we recursively pass on only the vertices in I ′∩Lu and

O′ ∩ Lu). The recursive call returns the best set cover for Gu. Merging the best answers

from all the children of v, we now have the best vertex cover for Gv under the constraint

that X ∪ I is in the vertex cover and (U \X) ∪ O is not in the vertex cover. We return

the best such vertex cover as the answer to our recursive call.

As before, we can now use memoization to speed up the algorithm. There are at most

n22α di�erent recursive calls performed by the algorithm. The overhead to perform such

a recursive call is about O
(
n22α

)
. Thus, the running time of the second stage algorithm

is O(n224α).

Computing the recursive decomposition on which we perform the recursion takes O(nO(t4k+1))
time as can be easily veri�ed. Thus, the overall running time is

O(nO(t4k+1)) + O(n224α) = O
(
nO(t4k+1)

)
,

which is polynomial as t and k are constants.

4. Subset Sum [20 Points]

Problem: Subset Sum

Instance: S - set of positive integers, t: - an integer number.

Question: Is there a subset X ⊆ S such that
∑

x∈X x = t?

Given an instance of Subset Sum, provide an algorithm that solves it in polynomial time in n,
and M , where M = maxs∈S s. Why this does not imply that P = NP?

5. 2SAT

[10 Points]

Given an instance of 2SAT (this is a problem similar to 3SAT where every clause has at most

two variables), one can try to solve it by backtracking.

(a) [1 Points] Prove that if a formula F ′ is not satis�able, and F is formed by adding clauses

to F ′, then the formula F is not satis�able. (Duh?)

We refer to F ′ as a subformula of F .

(b) [3 Points] Given an assignment xi ← b to one of the variables of a 2SAT instance

F (where b is either 0 or 1), describe a polynomial time algorithm that computes a

subformula F ′ of F , such that (i) F ′ does not have the variable xi in it, (ii) F ′ is a 2SAT
formula, (iii) F ′ is satis�able i� there is a satisfying assignment for F with xi = b, and
(iv) F ′ is a subformula of F .
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Namely, the input for your algorithm is a 2SAT formula F , i and b (where b is either

0 or 1). The algorithm should output a subformula F ′ compliant with the assignment

xi ← b. If no such subformula exists, the algorithm should output False.

How fast is your algorithm?

(c) [6 Points] Describe a polynomial time algorithm that solves the 2SAT problem (using

(b)). How fast is your algorithm?

6. Build the network.

[20 Points]

You had decided to immigrate to Norstrilia (never heard of it? Google for it), and you had

discovered to your horror that because of import laws the cities of Norstrilia are not even

connected by a fast computer network. You join the Roderick company which decided to

connect the k major cities by a network. To be as cheap as possible, your network is just

going to be a spanning tree of these k cities, but you are allowed to put additional vertices

in your network in some other cities. For every pair of cities, you know what is the price of

laying a line connecting them. Your task is to compute the cheapest spanning tree for those

k cities.

Formally, you are given a complete graph G = (V,E) de�ned over n vertices. There is a

(positive) weight w(e) associated with each edges e ∈ E(G). Furthermore, you can assume

that ∀i, j, k ∈ V you have w(ik) ≤ w(ij) + w(jk) (i.e., the triangle inequality). Finally, you

are given a set X ⊆ V of k vertices of G. You need to compute the cheapest tree T , such that

X ⊆ V (T ), where the price of the tree T is w(T ) =
∑

e∈E(T ) w(e).

A. [5 Points] Provide a nO(k) time algorithm for this problem.

B. [15 Points] Provide an algorithm for this problem with running time O(f(k) · nc), where
f(k) is a function of k, and c is a constant independent of the value of k.

(Comments: This problem is NP-Hard, although a 2-approximation is relatively easy. Prob-

lems that have running time like in (B) are referred to as �xed parameter tractable, since their

running time is polynomial for a �xed value of the parameters.)
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