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Be that as it may, it is to night school that I owe

what education I possess; I am the �rst to own

that it doesn't amount to much, though there is

something rather grandiose about the gaps in it.

� The tin drum, Gunter Grass
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1. Streaming TV.

[20 Points]

You are given a directed graph G, a source vertex s (i.e., a server in the internet), and a set

T of vertices (i.e., consumers computers). We would like to broadcast as many TV programs

from the server to the customers simultaneously. A single broadcast is a path from the server

to one of the customers. The constraint is that no edge or vertex (except from the server) can

have two streams going through them.

(A) [10 Points] Provide a polynomial time algorithm that computes the largest number of

paths that can be streamed from the server.

(B) [10 Points] Let k be the number of paths computed in (A). Present an algorithm, that

in polynomial time, computes a set of k such paths (one end point in the server, the other

endpoint is in T ) with minimum number of edges.

2. Transportation Problem.

[20 Points]

Let G be a digraph with n vertices and m edges.

In the transportation problem, you are given a set X of x vertices in a graph G, for every

vertex v ∈ X there is a quantity qx > 0 of material available at v. Similarly, there is a set of

vertices Y , with associated capacities cy with each vertex y ∈ Y . Furthermore, every edge of

G has an associated distance with it.

The work involved in transporting α units of material on an edge e of length ` is α ∗ `. The
problem is to move all the material available in X to the vertices of Y , without violating the

capacity constraints of the vertices, while minimizing the overall work involved.

Provide a polynomial time algorithm for this problem. How fast is your algorithm?

3. Greedy algorithm does not work for TSP with the triangle inequality.

[20 Points]

In the greedy Traveling Salesman algorithm, the algorithm starts from a starting vertex v1 = s,
and in i-th stage, it goes to the closest vertex to vi that was not visited yet.

(a) [10 Points] Show an example that prove that the greedy traveling salesman does not

provide any constant factor approximation to the TSP.

Formally, for any constant c > 0, provide a complete graph G and positive weights on its

edges, such that the length of the greedy TSP is by a factor of (at least) c longer than

the length of the shortest TSP of G.

(b) [10 Points] Show an example, that prove that the greedy traveling salesman does not

provide any constant factor approximation to the TSP with triangle inequality.

Formally, for any constant c > 0, provide a complete graph G, and positive weights on

its edges, such that the weights obey the triangle inequality, and the length of the greedy

TSP is by a factor of (at least) c longer than the length of the shortest TSP of G. (In

particular, prove that the triangle inequality holds for the weights you assign to the edges

of G.)

4. Maximum Clique

[10 Points]
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Let G = (V,E) be an undirected graph. For any k ≥ 1, de�ne G(k) to be the undirected graph

(V (k), E(k)), where V (k) is the set of all ordered k-tuples of vertices from V and E(k) is de�ned

so that (v1, v2, ..., vk) is adjacent to (w1, w2, ..., wk) if and only if for each i (1 ≤ i ≤ k) either
vertex vi is adjacent to wi in G, or else vi = wi.

(a) [5 Points] Prove that the size of the maximum clique in G(k) is equal to the k-th power

of the size of the maximum clique in G.

(b) [5 Points] Argue that if there is an approximation algorithm that has a constant ap-

proximation ratio for �nding a maximum-size clique, then there is a fully polynomial

time approximation scheme for the problem.

5. Greedy algorithm does not work for independent set.

[20 Points]

A natural algorithm, GreedyIndependent, for computing maximum independent set in a

graph, is to repeatedly remove the vertex of lowest degree in the graph, and add it to the

independent set, and remove all its neighbors.

(a) [5 Points] Show an example, where this algorithm fails to output the optimal solution.

(b) [5 Points] Let G be a (k, k + 1)-uniform graph (this is a graph where every vertex has

degree either k or k + 1). Show that the above algorithm outputs an independent set of

size Ω(n/k), where n is the number of vertices in G.

(c) [5 Points] Let G be a graph with average degree δ (i.e., δ = 2 |E(G)| / |V (G)|). Prove

that the above algorithm outputs an independent set of size Ω(n/δ).

(d) [5 Points] For any integer k, present an example of a graph Gk, such that GreedyIn-

dependent outputs an independent set of size ≤ |OPT (Gk)| /k, where OPT (Gk) is the
largest independent set in Gk. How many vertices and edges does Gk has? What it the

average degree of Gk?

6. Pack these squares.

[10 Points]

Let R be a set of squares. You need to pack them inside the unit square in the plane (i.e., place

them inside the square), such that all the squares are interior disjoint. Provide a polynomial

time algorithm that outputs a packing that covers at least OPT/4 fraction of the unit square,

where OPT is the fraction of the unit square covered by the optimal solution.
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