
CS 473g: Algorithms, Spring 2006
Midterm � February 28, 2006

Name:

Net ID: Alias:

• This is a closed-book, closed-notes, open-brain exam. If you brought anything with you besides

writing instruments and your handwritten 81
2

′′× 11′′ cheat sheet, please leave it at the front
of the classroom.

• Print your name, netid, and alias in the boxes above. Print your name at the top of every

page (in case the staple falls out!).

• You should answer all the questions on the exam.

• The last few pages of this booklet are blank. Use that for a scratch paper. Please let us know

if you need more paper.

• If your cheat sheet is not hand written by yourself, or it is photocopied, please do not use it

and leave it in front of the classroom.

• Submit your cheat sheet together with your exam. An exam without your cheat sheet attached

to it will not be checked.

• If you are NOT using a cheat sheet you should indicate it in large friendly letters on this page.

• There are 4 questions on the exam. Each question is worth 25 points.

• Answers containing only the expression: �I dont know�, will get 20% of the points of the

question. If you write anything else, it would be ignored. Overall, points given for �I dont

know� will not exceed 10 points.

• Write your exam using a pen not a pencil.

• Time limit: 75 minutes.

• Relax. Breathe. This is just an easy, silly and stupid midterm.

# Score IDK Grader

1.

2.

3.

4.

Total

1



1. Easy or Hard.

[25 Points]

Either prove that the following problem is NP-Complete, or alternatively provide a polynomial

time algorithm for this problem (in such a case, the faster your algorithm is, the better).

Problem: Long Walk

Instance: A directed graph G with weights w on the edges, a vertex v, an
integer number l, and a real number R.

Question: Is there a walk in G that ends at v made out of exactly l edges
and with total length (i.e., total weight of edges on the walk) at most R?

A walk is a sequence of vertices (not necessarily distinct) v1, v2, . . . , vk, such that (vi → vi+1) ∈
E(G), for i = 1, . . . , k − 1.

2. Flooding

[25 Points]

Network �ow issues come up in dealing with natural disasters and other crises, since major

unexpected events often require the movement and evacuation of large numbers of people in a

short amount of time.

Consider the following scenario. Due to large-scale �ooding in a region, paramedics have identi�ed

a set of n injured people distributed across the region who need to be rushed to hospitals. There

are k hospitals in the region, and each of the n people needs to be brought to a hospital that is

within a half-hour's driving time of their current location (so di�erent people will have di�erent

options for hospitals, depending on where they are right now).

At the same time, one doesn't want to overload any one of the hospitals by sending too many

patients its way. The paramedics are in touch by cell phone, and they want to collectively work

out whether they can choose a hospital for each of the injured people in such a way that the load

on the hospitals is balanced : Each hospital receives at most dn/ke people.
Give a polynomial-time algorithm that takes the given information about the people's locations

and determines whether this is possible.

3. Potential

[25 Points]

For a directed graph G = (V,E) with weight w(·) on the edges, let distw(s, t) denote the length
of the shortest path between s and t in G under the weight function w. Note, that w might

assign negative weights to edges in G.

A potential p(·) is a function that assigns a real value to each vertex of G, such that if e =
(u → v) ∈ G then w(e) ≥ p(v)− p(u).

(For all the questions below there are very short answers. Do not write unnecessarily long

answers.)

(A) [5 Points] Prove that if there exists a potential p(·) for G, then G has no negative cycles

(with respect to w(·)).
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(B) [10 Points] (harder) Assume, that G has no negative cycles (with respect to w). Show

an example of a potential function. In particular, prove that your example is a potential

function. (Partial credit would be given even if your solution assumes some additional

properties of the graph.)

(C) [5 Points] Given a potential function p(·), we de�ne the weight function, for an edge

e = (u → v) ∈ E(G), to be `(e) = w(e) − p(v) + p(u). Prove that `(·) is non-negative for

the edges in the graph. Also, prove that for any pair of vertices s, t ∈ V (G), we have that

the shortest path π realizing dist`(s, t) also realizes distw(s, t).

(D) [5 Points] Let G be as above with no negative cycles (with respect to w). Furthermore,

assume that you are given a potential p(·) for G. Provide an algorithm that computes the

shortest path in G between s and t, in O(n log n + m) time, where G has n vertices and m
edges.

4. Tetris

[25 Points]

In the Tetris problem, you are given a board R which is a rect-

angle of size n×k, and a set S of m Tetris pieces, and you need

to decide if R can be covered (i.e., tiled) completely by Tetris

pieces from S (you are allowed to use the same piece several

times). A Tetris piece of size w is formed by w unit squares

glued to each other along the edges of the squares. A Tetris

piece might be rotated or �ipped in any way before being placed on the board.

In the �gure on the right, the board is of size 8 × 4. Every piece in this case is of size 4 (but

note that S can have pieces of di�erent sizes).

(A) [5 Points] Prove that Tetris is NP-Complete when every piece of S has to be used exactly

once in your tiling.

(B) [20 Points] Assume that k is a constant, and the maximum size of each piece of Tetris in

S is bounded by w, which is also a constant. Provide a linear time algorithm in n for the

Tetris problem. (A polynomial time algorithm would receive partial credit.)
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