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1 Review of Computational Geometry

A good introduction to computational geometry is provided in [dBvKOS97].

1.1 Voronoi Diagrams

The Euclidean distance between two points p, q ∈ R2:

dist(p, q) =
√

(px − qx)2 + (py − qy)2.

Let P = {p1, . . . , pn} be a set of n distinct points in the plane. The Voronoi diagram of P is the
subdivision of the plane into n cells, one for each site of P , with the property that a point q lies
in the cells of pi if and only if dist(q, pi) < dist(q, pj), for j = 1, . . . , n. We denote this diagram by
Vor(P ), and by V(pi) the cell of pi.

• V(pi) =
⋃

1≤j≤n,i6=j h(pi, pj) - that is, the cell is a convex polygon.

• The complexity of the Voronoi diagram is linear.

Definition 1.1 A set S ⊆ Rd is convex, if for any two points p, q ∈ S, the segment pq ⊆ S.

Lemma 1.2 The complexity of the Voronoi diagram in the plane is linear. It is Θ(n2) for n points
in R3, and Θ

(
ndd/2e

)
for a set of points in d dimensions.

Lemma 1.3 One can preprocess a Voronoi diagram for point-location in the plane in O(n log n)
time, using O(n log n) space. Given a query point, one can report in O(log n) time the cell that
contains the query point.

A good survey on the huge work on Voronoi diagrams and Delaunay triangulations:
http://www.acm.org/pubs/citations/journals/surveys/1991-23-3/p345-aurenhammer/
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1.2 Delaunay Triangulation

The dual structure to Voronoi diagrams is called the Delaunay triangulation.

Definition 1.4 A triangulation of a point set P in the plane, is a maximal planar straight line
graph, where the vertices of the graph are the points of P . Here, each face is a triangle.

Definition 1.5 The Delaunay triangulation of a point-set P , is the triangulation of P , where the
circumscribe disk of each triangle does not contain any point of the set in its interior.

Theorem 1.6 One can compute the Delaunay triangulation by doing a flipping algorithm starting
from any triangulation. Furthermore, the Delaunay triangulation and the Voronoi diagram are
dual.

2 From Voronoi Diagrams to Lower Envelopes

For each point pi, we define the function

di(q) = dist(q, pi).

Computing the Voronoi cell that contains a query point q, is equivalent for computing the i that
realizes

min
i
di(q) = min

i

√
(x(q)− x(pi))2 + (y(q)− y(pi))2

Which is equivalent to computing the i that realizes:

min
i

(
(x(q)− x(pi))2 + (y(q)− y(pi))2

)
= min

i

(
(x(q))2 + (y(q))2 − 2x(q)x(pi)− 2y(q)y(pi) + (x(pi))2 + (y(pi))2

)
Which is equivalent to compute the i that realizes:

min
i

(
−2x(q)x(pi)− 2y(q)y(pi) + (x(pi))2 + (y(pi))2

)
But, this is no more that finding the lower envelope of the planes:

hi(x,y) = −2xx(pi)− 2yy(pi) + (x(pi))2 + (y(pi))2.

That is, the problem of computing Voronoi Diagram in Rd, is equivalent to computing the lower-
envelope of hyperplanes in Rd+1.
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