
CS 373: Combinatorial Algorithms, Spring 2002
Midterm 2 — April 2, 2002

Name:

Net ID: Alias: U G

� This is a closed-book, closed-notes, open-brain exam. If you brought anything with you
besides writing instruments and your handwritten 81

2

′′ × 11′′ cheat sheet, please leave it at
the front of the classroom.

� Print your name, netid, and alias in the boxes above. Circle U if you are an undergrad, or G

if you are a grad student. Print your name at the top of every page (in case the staple falls
out!).

� You should answer all the questions on the exam.

� The last few pages of this booklet are blank. Use that for a scratch paper. Please let us know
if you need more paper.

� If your cheat sheet if not hand written by yourself, or it is photocopied, please do not use it
and leave it in front of the classroom.

� Submit your cheat sheet together with your exam. An exam without your cheat sheet attached
to it will not be checked.

� If you are NOT using a cheat sheet you should indicate it in large friendly letters on this
page.

� In the �rst question, there are 10 multiple choice subquestions. There is only a single correct
answer for each question. A correct answer would gain you one point, and incorrect answer
gains you zero points (i.e., no penalty for incorrect answer). In case of several \correct"
answers, you should chose the one which is better.

� Time limit: 75 minutes.

� Relax. Breathe. Statistics show that doing this midterm is safer than driving a car.
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I. [10 Points]

1. Let G = (V,E) be a directed graph, s a vertex of G, U0 = {s}, and let

Ui =
{

w
∣∣∣ (u, w) ∈ ((Ui−1 × V ) ∩ E)

}
\

(
U0

⋃
. . .

⋃
Ui−1

)
,

for i = 1, . . . , n. The set Ui is:

A. The set of all vertices of degree i in the graph G.

B. The set of all vertices in G in distance at most i from s.

C. The set of all edges in G with i neighbors.

D. The set of all vertices with distance exactly i from s.

Answer:

2. Assume that we had modi�ed FastCut so that it maintains a graph instead of a multigraph
(i.e., when we contract and have several parallel edges, we throw all of them except one).
Then:

A. The algorithm still works, but the probability of outputting the correct output is now
≥ 1/n (instead of 1/ log n).

B. The algorithm outputs the max cut instead of the min-cut.

C. The algorithm is no longer correct, as the min-cut might become smaller when we
perform an edge contraction.

D. The algorithm still works, but we can not reconstruct the original cut. However, we
can still compute the size of the min-cut.

Answer:

3. Assume that had modi�ed treaps so that we pick each priority (uniformly and randomly)
as an integer in the range 1 . . .m, and we construct a treap of n input numbers a1, . . . , an.
Then:

A. For any choice of m, the treaps data-structure no longer works correctly, and one can
not provide any bound on its depth.

B. The treap has O(log n) depth with high probability if m =
√

n.

C. The treap has O(log n) depth with high probability if m = n3.

D. The treap has O(log n) depth with high probability if m = 2.

Answer:
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4. The adversary, frustrated that you had decided to use randomized QuickSort, had paid
an oracle a huge amount of money, so now it knows what are �rst k random numbers that
QuickSort gets when it calls rand. (Assume that QuickSort uses rand to get a real random
number in the range [0, 1], and QuickSort then uses various computations to normalize it
to the range it wants.)

Under this settings, the adversary can:

A. Find an input for which the expected running time is Θ(nk + n log n).
B. Find an input for which the expected running time is Θ((n− k) log n + n

√
k).

C. Find an input for which the expected running time is Θ(n log k).
D. Find an input for which the expected running time is Θ(nk log n).
E. Do nothing. Knowing the �rst k random numbers is not enough, and the expected

running time of QuickSort is still O(n log n) for any input.

Answer:

5. Assume that you have n nuts, and n bolts, and every nut and bolt has a color, and nuts
and bolts also must match in their colors (namely, a nut has a color and a size, and must
match a bolt of the same size and color). Assume that there are k colors, and that there
are n/k nuts and bolts pairs of each color. Furthermore, assume that you can determine
the color of a nut or a bolt in O(1) time. Then, the fastest one can solve the nuts and bolts
matching problem under those settings is in

A. Θ(n log (n/k)) expected time.

B. Θ(n log k) expected time.

C. Θ((n/k) log n) expected time.

D. Θ(nk) expected time.

Answer:

6. Problem: Independent Paths

Instance: An undirected graph G with n vertices and m edges, two vertices
u, v of G, and a parameter k > 0.
Question: Are there k vertex disjoint paths from u to v in G.

This problem is:

A. Can be solved in Θ((n + m) log n) time.

B. NP-Hard.

C. Can be solved in O(nm2) time.

D. NP-Complete.

Answer:
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7. If all the edges in a network ow with n vertices and m edges are of the same capacity,
then Edmonds-Karp would work in:

A. Θ(mn) time.

B. Θ(m + n) time.

C. Θ(mn2) time.

D. Θ(m log n) time.

Answer:

8. Given a complete graph G with n vertices and weights w(·) on the edges, �nding a subset
X ⊆ V (G) of 5 vertices such that price(X) = maxv∈V (G) minx∈X w(vx) is minimized is:

A. NP-Hard.

B. Can be solved in polynomial time.

C. NP-Complete.

D. Can be solved in linear time.

Answer:

9. Problem: 1-2 TSP

Instance: A complete undirected graph G with n vertices, and an assign-
ment of weight of either 1 or 2 to each edge of G, and a parameter K > 0.
Question: Is there a TSP path in G that visits all the vertices of G and its
total weight is ≤ K.

This problem is

A. NP-Complete, and it can be approximated up to a factor of 1 + 1/2n.

B. Can be solved in O(n4) time using network ow.

C. Not interesting, not de�ned correctly, and it can not be a part of a question in an exam
in CS 373.

D. NP-Complete, and it can be approximated up to a factor of 2.

Answer:

10. A c-approximation for the INDEPENDENT SET problem would imply a c-approximation
algorithm for the MAXIMUM CLIQUE problem. This statement is:

A. Neither true nor false.

B. True.

C. True only if P = NP .

D. False.

E. Both true and false.

Answer:
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II. [10 Points]

Let s1, . . . , sn be a given sequence of n numbers. In the longest subsequence problem, one has
to �nd the longest subsequence which is monotonically increasing. Recall that a monotonically
increasing sequence is a sequence s1, . . . , sn where i ≤ j ⇒ si ≤ sj for all i and j in {1, . . . , n}.

Thus, for the sequence:
12, 24, 54, 654, 34, 324, 44, 49

the longest monotonically increasing subsequence is 12, 24, 34, 44, 49.

Prove that the longest subsequence problem is NP-Hard, or provide an algorithm, as fast as
possible, for solving it.
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III. [10 Points]

Prove (namely, write a short and concise mathematical proof - there is no partial credit if
your proof is incorrect) the following lemma:

Lemma Given a ow network G = G(V,E), a ow f in G, and a ow h in the residual
network Gf . Then f + h is a valid ow in G and |f + h| = |f |+ |h|.
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IV. [10 Points]

Given a network G = (V,E), with capacity c, a ow f , a source vertex s, and a sink vertex
t. Describe an algorithm as fast as possible that computes the augmenting path with the
largest residual capacity. How fast is your algorithm (the number of vertices of G is n, and
the number of edges is m)?
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