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1. Recurrences and miscellaneous.
[20 Points]

Solve the following:

(a) [5 Points] Let S = {1, 2, 3, 4, 5, 6}. Two numbers are chosen from S without replace-
ment. What is the probability that the minimum of the two numbers is less than 4?

(b) [5 Points] What is the coefficient of x2 in the expansion of (x + 1
x)10? (No need to

simplify the resulting numerical answer.)

(c) [10 Points] Solve the recurrence:

ai = 9ai−1 − 20ai−2 − 12

with a1 = 2 and a0 = 1.

2. Order Please.
[20 Points]

There are five couples (i.e., 10 people overall) who want to have a photograph.

(a) [5 Points] In how many ways can they arrange themselves in a line?

(b) [5 Points] In how many ways can they arrange themselves in a line so that genders are
alternating?

(c) [5 Points] In how many ways can they arrange themselves in a line such that each wife
stands beside her husband?

(d) [5 Points] Every couple has a child, and the children now insist on appearing in the
picture. Every child wants to stand between his/her parents, but not necessarily right
next to them. Thus

. . .Mother . . . [some people] . . .Child . . . [some people] . . .Father . . .

is a legal ordering for a family. In how many ways can they arrange themselves in a line
(i.e., there are now 5 families, each family with two parents and one child)?

3. Stringology
[20 Points]



(a) [5 Points] You throw a dice twice, what is the probability that the sum of the two
throws is 9.

(b) [5 Points] How many binary strings of length four are there, which do not have two
consecutive 1s (i.e., 1010 is valid, while 1100 is not valid).

(c) [10 Points] Give a recursive formula (no need to give a closed form solution), for the
number of binary strings of length n, which do not have two consecutive 1s. Provide
also the base values of the recurrence.

4. Sleep
[20 Points]

As in the lecture, there are n sailors and n cabins that they are designated to, where each
cabin has unlimited capacity. Assume that n is even, though it should not effect your solution.

(a) [10 Points] Suppose that half of the cabins are destroyed in a storm. How many ways
are there to fit the sailors into the cabins? (All the sailors have distinct names, and the
cabins are also distinct.)

(b) [10 Points] Among the sailors, n/2 snore when they sleep. Each sailor goes into a
random cabin, and if the cabin the sailor sleeps in happens to have one or more sailors
that snore, the sailor will be groggy the next day.
Note, that the storm is long past, and all n cabins are now repaired, and that a sailor
that snores, sleeps perfectly well, of course. What is the expected number of groggy
sailors on the next day.
An unsimplified (but correct) expression is an acceptable answer for this question.

5. When six people meet.
[20 Points]

Prove that, when six persons meet, there is either a group of size three or more among them
each of whom know each other, or a group of size three or more none of whom know each
other. (For any two persons, they either both know each other or both do not know each
other.)
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