
CS 473U: Algorithms, Spring 2005
Final — 1:30-4:30 PM, Monday, May 9, 2005

Name:

Net ID: Alias:

� This is a closed-book, closed-notes, open-brain exam. If you brought anything with you
besides writing instruments and your handwritten 81

2

′′ × 11′′ cheat sheet, please leave it at
the front of the classroom.

� Print your name, netid, and alias in the boxes above. Print your name at the top of every
page (in case the staple falls out!).

� You should answer all the questions on the exam.

� The last few pages of this booklet are blank. Use that for a scratch paper. Please let us know
if you need more paper.

� If your cheat sheet if not hand written by yourself, or it is photocopied, please do not use it
and leave it in front of the classroom.

� Please submit your cheat sheet together with your exam. An exam without your cheat sheet
attached to it will not be checked.

� If you are NOT using a cheat sheet you should indicate it in large friendly letters on this
page.

� Questions containing the expression: \I dont know", will get 25% of the points of the question.
If you write anything else, it would be ignored.

� The total number of points given for \I dont know" answers, will not exceed 10.

� Write short and concise answers.

� Time limit: 170 minutes.

� Relax. And good luck!

# Score IDK Score Grader

1. 20

2. 20

3. 20

4. 20

5. 20

Total
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1. Relaxed Knapsack [20 Points]

Consider the following problem:

Problem: RELAXED KNAPSACK

Instance: A �nite set U of size n. For every element of u ∈ U there is
a (positive integer) size s(u) ∈ ZZ+ associated with it. There is also a size
constraint B ∈ ZZ+ and a parameter k.
Question: Is there a subset U ′ ⊆ U of size k such that

∑
u∈U ′

s(u) ≤ B.

Either prove that this problem is NP-Complete, or alternatively, provide a fast polynomial
time algorithm for solving it (in this case, how fast is your algorithm?).

2. Linear Programming
[20 Points]

A steel company must decide how to allocate next week's time on a rolling mill, which is
a machine that takes un�nished slabs of steel as input and can produce either of two semi-
�nished products: bands and coils. The mill's two products come o� the rolling line at
di�erent rates:

Bands 200 tons/hr
Coils 140 tons/hr.

They also produce di�erent pro�ts:

Bands $ 25/ton
Coils $ 30/ton.

Based on currently booked orders, the following upper bounds are placed on the amount of
each product to produce:

Bands 6000 tons
Coils 4060 tons.

Given that there are 40 hours of production time available this week, the problem is to decide
how many tons of bands and how many tons of coils should be produced to yield the greatest
pro�t.

(A) [20 Points] Formulate this problem as a linear programming problem. (Namely, write
down the resulting linear program.)
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(B) [2 Points] (Extra credit.) Can you solve this problem by inspection? What is the value
of the optimal solution? [Hint: Since this is only 2 points, you might want to do the
rest of the exam before trying to do this.]

3. Clients
[20 Points]

Consider a set of mobile computing clients in a certain town who each need to be connected
to one of several possible base stations. We will suppose there are n clients, with the position
of each client speci�ed by its (x, y) coordinates in the plane. There are also k base stations,
the position of each of these is speci�ed by (x, y) coordinates as well.

For each client, we wish to connect it to exactly one of the base stations. Our choice of
connections is constrained in the following ways. There is a range parameter r { a client can
only be connected to a base station that is within distance r. There is also a load parameter
L { no more than L clients can be connected to any single base stations.

Your goal is to design a polynomial-time algorithm for the following problem. Given the
positions of a set of n clients (i.e., ci = (xi, yi), for i = 1, . . . , n) and a set of k base stations
and their positions (bj = (xj , yj) for j = 1, . . . , k), as well as the range load parameters r and
L, decide whether every client can be connected simultaneously to a base station, subject to
the range and load conditions in the previous paragraph. How fast is your algorithm?

(Your solution should be at most 150 words long, and maybe with a few additional �gures.
Longer solutions are not necessary and would be less welcome. Thank you for your consider-
ation!)

4. A line intersecting a polygon

[20 Points]

Given a convex polygon P , its balanced triangulation is created by recursively triangulating
the convex polygon P ′ de�ned by its even vertices, and �nally adding consecutive diagonals
between even points. For an example, consider Figure 1.

Alternative interpretation of this construction, is that we create a sequence of polygons where
P0 is the highest level polygon (always a triangle), and Pi is the re�nement of Pi−1 till PM = P ,
where M = O(log n).

(A) [5 Points] Given a polygon P , show how to compute its balanced triangulation in linear
time.

(B) [5 Points] Let T be the dual tree to the balanced triangulation. Let us set the node
corresponding to the triangle P0 to be the root of T . Give an upper bound on the depth
of T .
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(a):

P3 = P

(b):

P3 = P

P2

(c):

P3 = P

P2
P1

(d):

P3 = P

P2
P1

P0

(e): (f):

P0

Figure 1: (a) The input polygon. (b), (c), (d) show the di�erent levels of the balanced triangulation,
and (e) shows the resulting triangulation. (f) Shows the line ` and the two intersection points that
have to be computed in (B).

(C) [10 Points] Let ` be a line that intersects P0. Given T , P and the balanced triangula-
tion, provide a O(log n) time algorithm for computing the two intersection points of the
boundary of P with `.

5. File replication
[20 Points]

Suppose we want to replicate a �le over a collection of n servers, labeled S1, S2, . . . , Sn. To
place a copy of the �le at server Si results in a placement cost of ci, for an integer ci > 0.

Now, if a user requests the �le from server Si, and no copy of the �le is present at Si, then
the servers Si+1, Si+2, . . . , Sn are search in order until a copy of the �le is �nally found, say at
server Sj , where j > i. This results in an access cost of j− i. We denote this price by find(i).
(Note that the lower-indexed servers Si−1, Si−2, . . . , S1 are not consulted in this search.) The
access cost is 0 if Si holds a copy of the �le. We will require that a copy of the �le be placed
at server Sn, so that all such searches will terminate, at the least, at Sn.

We had like to place copies of the �les at the servers so as to minimize the sum of the
placement and access costs. Formally, we say that a con�guration is a choice, for each server
Si, with i = 1, . . . , n − 1, of whether to place a copy of the �le at Si or not. (Recall that a
copy is always placed at Sn.) The total cost of a con�guration is the sum of all placement
costs for servers with a copy of the �le, plus the sum of all access costs associated with n

servers (i.e., every server is going to get exactly one access request for the �le).

Namely, you need to compute the con�guration that minimizes the quantity∑
i: �le placed at server Si

ci +
n∑

k=1

find(k).

Give a polynomial-time algorithm to �nd a con�guration of minimum total cost. Provide a
pseudo-code of your solution, and analyze its running time.
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[Hint: Provide �rst a recursive solution, and then speed it up.]
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