
03 NP Completeness - Even More Additional Problems

January 29, 2003

1 Previous Lecture

1. MaxClique - maximum clique size problem

Problem: MaxClique

Instance: A graph G
Question: What is number of nodes in its largest complete subgraph
of G?

2. Clique.

Problem: Clique

Instance: A graph G, integer k
Question: Is there a clique in G of size k?

3. IndependentSet (“complement” of Clique).

4. VertexCover.

Problem: VertexCover

Instance: A graph G, integer k
Question: Is there a vertex cover in G of size k?

5. Graph coloring - 3Colorable.

2 Graph Coloring

Problem: 3Colorable

Instance: A graph G
Question: Is there a coloring of G using three colors?

1. Given a 3Colorable graph, finding a 4-Coloring is known to be NP-Hard.

2. The best polynomial time algorithm for coloring a 3colorable graph, uses O(n3/14)
colors.
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3 Hamiltonian Cycle

Definition 3.1 A Hamiltonian cycle is a cycle in the graph that visits very vertex exactly
once.

Definition 3.2 An Eulerian cycle is a cycle in a graph that uses every edge exactly once.

Finding Eulerian cycle can be done in linear time.

Problem: HamiltonianCycle

Instance: A graph G.
Question: Is there a Hamiltonian cycle in G?

Theorem 3.3 Hamiltonian Cycle is NP -Complete.

Proof: Hamiltonian Cycle is clearly in NP.
By reduction from VertexCover. Given a graph G and integer k we redraw G in the

following way:

G:

a

b

c

d

e

We turn every vertex into a horizontal line segment:

H:

a

b

c

d

e

Every edge is now a gate - a vertical segment.
VertexCover in G of size k ⇔ k horizontal lines that stabs all the gates in H

Pick k disjoints paths through the graph the visits all the gates.
Problem: a path might change venues or even go back. See:
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a

b

c

d

e

Idea: replace each gate with a components that guarantees, that if you visit all its vertices,
you have to go forward, and can NOT go back.

(u,v,1) (u,v,6)(u,v,2) (u,v,3) (u,v,4) (u,v,5)

(v,u,1) (v,u,2) (v,u,3) (v,u,4) (v,u,5) (v,u,6)

v

u

The only possible ways to visit all the vertices of the components by paths that do not
start/end inside the component are:

Pick u:

Pick v:

Pick u and v:

The proof that this is the only three possibilities is by brute force. For example:

Which means that not all the vertices in the graph are going to be visited, because we
add the constraint, that the paths start/end outside the gate-component.

H1 :

a

b

c

d

e

There exists a VertexCover in the original graph iff there exists k paths that start on
the left side and end on the right side, in the above weird graph, that visits all the vertices.

The final stroke is to add connection from the left side to the right side, such that once
you arrive to the right side, you can go back to the left side. However, we want connection
that allow you to travel only k times. This is done by adding to the above graph the following

3



component, with k new vertices:

H2:

a

b

c

d

e

a

b

c

e

d

It is now easy (but tedious) to verify that the resulting graph H1∪H2 has a Hamiltonian
path iff H1has k paths going from left to right, which happens, iff the original graph has a
VertexCover of size k. It is easy to verify that this reduction can be done in polynomial
time.

4 Traveling Salesman Problem

Problem: TSP

Instance: G = (V, E) a complete graph - n vertices, c(e): Integer cost
function over edges, and k: Integer.
Question: Is there a traveling-salesman tour with cost at most k?

Theorem 4.1 TSP is NP -Complete.

Proof: Reduction from Hamiltonian cycle. Consider a graph G = (V, E), and let H be the
complete graph defined over V . Let

c(e) =

{
1 e ∈ E(G)

2 e /∈ E(G)

Clearly, the cheapest TSP in H with cost function equal to n iff G is Hamiltonian. Indeed,
if G is not Hamiltonian, then the TSP must use one edge that does not belong to G, and
then, its price would be at least n + 1.

5 Subset Sum

Problem: Subset Sum

Instance: S - set of positive integers,t: - an integer number (Target)
Question: Is there a subset X ⊆ S such that

∑
x∈X x = t?

Purpose: Prove that Subset Sub is NPC.
How to prove NPC for SubsetSum:

1. Choose an NPC to reduce from.
We will use 3SAT.
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2. Understand the structure of the problem:

(a) Use long numbers (i.e., polynomial number of digits).

(b) We can force choosing between two numbers:
Target ?? ?? 01 ???

a1 ?? ?? 01 ??
a2 ?? ?? 01 ??

all other numbers have zero in this column.
This is a variable column.

(c) Independent columns (i.e., adding vectors).

3. So, given a formula F : m clauses, n variables.

4. Clause column:
Every clause is going to have a column:

numbers ... C ≡ a ∨ b ∨ c ...

a ... 01 ...
a ... 00 ...
b ... 01 ...

b ... 00 ...
c ... 00 ...
c ... 01 ...

C fixup 1 000 07 000
C fixup 2 000 08 000
C fixup 3 000 09 000

TARGET 10
Clearly, the SubsetSum instance is TRUE iff we choose at least one of the numbers
corresponding to a, b or c.

5. Full reduction:

(a) F - 3SAT formula.

(b) Build a table.

i. Every variable gets two rows (itself and complement).

ii. Every clause get three fixup rows.

iii. Every variable get a column.

iv. Every clause get a column.

(c) Fill the table as described above. Every entry is two digits.

(d) Compute the target number.

(e) Interpret every row as a big number.

(f) We are done. There is a solution to the given SubsetSum iff there is satisfying
assignment for F .
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6. Clearly, SubsetSum is in NP. The reduction is polynomial time, and as such Sub-
setSum is NPC.

Theorem 5.1 SubsetSum is NP -Complete.

6 3 dimensional Matching (3DM)

Problem: 3DM

Instance: X,Y, Z sets of n elements, andT - set of triples, s.t. (a, b, c) ∈
T ⊆ X × Y × Z
Question: Is there a subset S ⊆ T of n disjoint triples, s.t. every
element of X ∪ Y ∪ Z is covered exactly once.?

Theorem 6.1 3DM is NP -Complete.

The proof is long and tedious and is omitted.
BTW, 2DM is polynomial (later in the course?).

7 Partition

Problem: Partition

Instance: A set S of n numbers.
Question: Is there a subset T ⊆ S s.t.

∑
t∈T t =

∑
s∈S\T s.?

Theorem 7.1 Partition is NP -Complete.

Proof: Partition is in NP, as we can easily verify that such a partition is valid.
Reduction from SubsetSum. Let the given instance be n numbers a1, . . . , an and a target

number t. Let S =
∑n

i= ai, and set an+1 = 3S − t and an+2 = 3S − (S − t) = 2S + t. It
is easy to verify that there is a solution to the given instance of subset sum, iff there is a
solution to the following instance of partition:

a1, . . . , an, an+1, an+2.

Clearly, Partition is in NP and thus it is NPC.

8 Longest Path

8.1 The song

Woh, oh-oh-oh Find the Longest Path
Woh oh-oh Find the Longest Path
If you said P is NP tonight
There would still be papers left to write
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I have a weakness I’m addicted to completeness
And I keep searching for the longest Path

The algorithm I would like to see
Is of Polynoimal Degree
Buts its elusive,
Nobody has found conclusive
Evidence that we can find the Longest Path

I have been hard
Working for so long I swear its right,
But he marks it wrong
Somehow I’ll feel sorry when its done
GPA 2.1,
Is more than I hoped for

Garey, Johnson, Karp and other Men (and Women)
Try to make it Order n log n.
Am I a math fool
If I spend my life in
Grad School Forever following the Longest Path.

Woh oh-oh-oh Find the longest path
Woh oh-oh-oh Find the longest path

8.2 The author

And here is an email I got (11/14/02) about this song:

Hi,

I created the song "Find the Longest Path" that you have

posted at [snip]. I wrote it while a grad student at

Johns Hopkins University on May 1, 1988, during a difficult

"Algorithms II’’ final exam. I also recorded the

song and it’s been played at several mathematics

conferences. If you wouldn’t mind, please credit me as

author on your site. Thanks!

-- Dan Barrett http://www.blazemonger.com/

An mp3 of this song is avliable from http://valis.cs.uiuc.edu/~sariel/misc/funny/

#longest-path.
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