
Greedy algorithms II

February 11, 2003

1 Previous Lecture

1. Greedy algorithms and why they do not work.

2. Approximation algorithms.

3. Greedy is not immediately a good approximation.

4. Approximate vertex cover.

5. TSP - can not be approximated.

6. TSP with the triangle inequality - 2 approximation.

(a) Compute MST

(b) duplicate edges -¿ Euler cycle -¿ shortcutting.

7. Max 3SAT - randomized 7/8 approximation.

2 Guarding an Art Gallery

Q: How many guards to we need to guard the art-gallery?
Every guard can see in all directions. We need to see all the points in the polygon.
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The yellow polygon is the visibility polygon of p. Clearly, three guards
are sufficient.

The art-gallery is essentially a set-covering problem. It is known that finding the min
number guards is NP-hard. No approximation is currently known. It is known that a polygon
with n corners, can be guarded using n/3+1 guards. Note, that this problem is harder than
the classical set-covering problem because the number of subsets is infinite.

Open Problem: Find a polynomial time approximation algorithm,
such that given P , it computes a set of guards, such that #guards ≤√

nkopt and the guards see all the points inside the polygon.

3 Set Covering Problem

Problem: Set Covering

Instance: (S,F)
S - a set of n elements
F - a family of subsets of S, s.t.⋃

X∈F

X = S.

Question: What is the set X ⊆ F such that X contains as few sets as
possible, and X covers S.

Set Covering is a minimization problem.

Example 3.1 S = {1, 2, 3, 4, 5} and

F = {{1, 2, 3}, {2, 5}, {1, 4}, {4, 5}}

Clearly, the smallest cover of S is

Xopt = {{1, 2, 3}, {4, 5}}

Set Covering is NP -Hard. Why????
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Greedy-Set-Cover(S,F)
X ← ∅; T ← S
while T not empty do

U set in F that covers largest # of elements in T
X ← X ∪ {U}
T ← T \ U

return X .

Theorem 3.2 Greedy-Set-Cover generates a cover of S using at most O(k log n) sets of F ,
where k is the size of the cover in the optimal solution.

Proof: Let Xopt = {V1, . . . , Vk} be the optimal solution.
Ti- the elements not covered in the beginning ith iteration.
T1 = S.
Ui- the set added to the cover in the ith iteration.
αi = |Ui ∩ Ti|-the # of new elements being covered in the ith iteration.

Claim 3.3 α1 ≥ α2 ≥ . . . ≥ αk ≥ . . . ≥ αm.

Proof: If not αi < αi+1 but then, Ui+1cover more elements than Ui

and we can exchange between them. Contradicting the greediness of
the algorithm.

Claim 3.4 αi ≥ |Ti| /k.

Proof: Consider the optimal solution. It is made out of k sets and
it covers Ti, as such one of those subsets cover at least 1/k of the
elements of Ti. Finally, the greedy algorithm picks the set that covers
the largest number of elements of Ti. Thus, Ui covers at least |Ti|/k
elements.

Claim 3.5 α1 + α2 + . . . + αk ≥ kαk+1.

Proof: Since αi ≥ αk+1, for i < k.

Thus,
αk+1 ≥ |Tk+1|/k.
α1 + . . . + αk ≥ |Tk+1|
Namely, in the first k iterations of the algorithm, we covered at least 1/2 of the elements

of S. Thus, the number of iterations the algorithm need is:
I(n) = k + I(n/2) = O(k log n) .
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4 TSP with the triangle inequality revisited

Definition 4.1 Given a graph G = (V, E), a subset M ⊆ E is a matching if no pair of
edges of M share endpoints. A perfect matching is a matching that covers all the vertices of
G. Given a weight function w on the edges, a min-weight perfect matching, is the minimum
weight matching over all perfect matching, where

w(M) =
∑
e∈M

w(e).

Theorem 4.2 One can compute the min-weight perfect matching in polynomial time.

Proof: Omitted. A weaker result would be proved for bipartite graphs later in the course.

Definition 4.3 Let G be complete graph over V , with a weight function w on the edges,
that comply with the triangle inequality. For a subset S ⊆ V , let GS be the induced subgraph
over S. Namely, it is a complete graph over S, with the prices over the edges determined by
w.

Lemma 4.4 Let G = (V, E) be a complete graph, S a subset of the vertices of V of even
size, and w a weight function over the edges. Then, the weight of the min-weight perfect
matching in G[S] is ≤ w(TSP (G)).

Proof:

S

Let π be the cycle realizing the TSP in G. Let σ be the cycle resulting from shortcutting
π so that it uses only the vertices of S. Clearly, w(σ) ≤ w(π). Now, let Me and Mo be the
sets of even and odd edges of σ respectively. Clearly, both Mo and Me are perfect matching
in G[S], and

w(Mo) + w(Me) = w(σ).

We conclude, that min(w(Mo) , w(Me)) ≤ w(TSP (G))/2. We now have a creature
that has the weight of half of the TSP, and we can compute it in polynomial time. How to
use it to approximate the TSP?

Idea: We got a 2-approximation using the MST, because we doubled every edges to get
an Eulerian graph. Can we do something cheaper???
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Q: What are the “problematic” vertices the prevent us from this MST to be Eulerian?
A: 1, 4, 2, 7
Namely, all the odd degree vertices in the MST T .
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Lemma 4.5 The number of odd degree vertices in any graph G′ is even.

Proof:
∑

v∈V d(v) = 2|E| ignoring vertices of even degree, we have∑
v∈V,d(v) odd

d(v) = even number.

Thus, the number of elements in the sum is even.
Q: How to fix the MST to make it Eulerian?
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Lets compute a matching M on the problematic vertices, and add it to the tree:
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Clearly, the new graph H is Eulerian.

w(H) = w(MST ) + w(M) ≤ w(TSP (G)) + w(TSP (G))/2

= (3/2)w(TSP (G)).

However, H is Eulerian, and one can compute the Euler cycle, shortcut it, and get a tour
of the vertices of G of weight ≤ (3/2)w(TSP (G)).

Theorem 4.6 Given an instance of TSP with the triangle inequality, one can compute in
polynomial time, a 1.5 approximation to the optimal TSP.

5 Clustering

Unsupervised learning
Give a set of examples partition them into
classes of similar examples. For example,
given a webpage X about ”The reality dysfunction”,
I could (hopefully) find all web pages related
by looking for the web pages in the same cluster
as X.
”Learning = clustering”
Examples -¿ points in high dimensions (for example, the i-th coordinate is 1 if the word

wi appears somewhere in the document, and you have 10,000 possible words. So a document
is a point in 10,000 dimensions).

X - a set of n points from d dimensional space
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5.0.1 Similarity measure

Regular Euclidean distance between points
p =(p1, . . . , pd), q =(q1, . . . , qd)

dist(p, q) =
√∑d

i=1(pi − qi)2

5.1 Facility Location Problem

Given n cities and distances between them, locate k hospitals, so that the maximum distance
of a city from its closest hospital is minimized.

5.1.1 Selecting good representatives

Find k points in X such that they represent X ”well”.
S - A subset of k points of X
p - A point of X
dist(p, S) = minq∈S d(p, q)

dist(p,S) = minimum distance of a point of X to p
(i.e., S is a set of centers, and dist(p,S) is the distance to the closest
center).

dist(X, S) = max
p∈X

dist(p, S)

(This is the distance of the furthest point of X from its closest center)
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