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Abstract
We study the question of finding a deepest point in an arrangement of regions, and provide a
fast algorithm for this problem using random sampling, showing it sufficient to solve this problem
when the deepest point is shallow. This implies, among other results, a fast algorithm for solving
linear programming with violations approximately. We also use this technique to approximate the
disk covering the largest number of red points, while avoiding all the blue points, given two such
sets in the plane. Using similar techniques imply that approximate range counting queries have
roughly the same time and space complexity as emptiness range queries.
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Introduction

In this paper, we study the problem of computing
efficiently the deepest point in a collection of regions.
Here, the depth of the point is the number of regions
that contain it. This is a natural problem that arises
in optimization, where a constraint induces a region in
space where it holds, and we would like to find the point
that satisfies all the constraints. If no such point exists,
we would like to find a point that satisfies the maximum
number of constraints. As a concrete example, a linear
program with n inequalities over d variables induces a set
of n halfspaces in IRd . The given linear program is feasible
(i.e., it has a feasible solution) if there is a point of depth
n in this arrangement of n halfspaces. Furthermore, if the given linear program is not feasible, then a
point with maximum depth in the arrangement is a solution violating the least number of constraints.
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In this paper, we provide several reductions for the problem of finding the deepest point, and show
how to solve some depth problems using these techniques.
Computing a point of maximum depth via depth thresholding In Section 3, we present a
general reduction that allows one to quickly compute an approximately deepest point in an arrangement
of objects given a slower exact procedure for computing the depth exactly. More precisely, suppose we
are given a depth thresholding procedure that can find, given an integer k, a deepest point for a set
of n regions in Tdt (n, k) time, provided the depth does not exceed k; if it does, the procedure outputs
“depth > k”. The resulting approximation algorithm, given a set S of n regions, can find a point of depth
at least (1 − ε)kopt , where kopt is the maximum number of regions covering any point. The running time
of this new algorithm is O(Tdt (n, ε−2 log n) + n), assuming Tdt (n, k) = Ω(n), for any k. This reduction
is applicable to any set of “well-behaved” regions in constant dimension.
Unless explicitly stated otherwise, all bounds on running time and space hold with high probability
(i.e., at least 1 − 1/nO(1) ) and also in expectation. The results returned by these algorithms are correct
with high probability.
Next, in Section 4, we present several applications of this reduction. In Section 4.1, we show that one
can solve linear programming with violations approximately in near-linear time. Explicitly, consider a
linear program L with n constraints in IRd and a linear objective function f . Suppose kopt is the minimum
number of constraints that have to be violated to make L feasible and let v be the optimal solution in this
case; namely, v is the point minimizing f (v) with exactly kopt violated constraints. Then, one can find a
point u that violates at most (1 + ε)kopt constraints of L and such that f (u) ≤ f (v). The running time
d+1
of the new algorithm is O(n(ε−2 log n) ). This compares favorably with the previous exact algorithm
of Matoušek [Mat95] which requires O(nk d+1 ) running time. (In two and three dimensions faster√exact
algorithms exist [Cha05]. See Section 4.1.) To appreciate this result, consider the case where k = n. A
natural approach to approximate linear programming with violations is to compute a δ-approximation
[VC71] to the
√ set of constraints in L, and apply the exact algorithm on this sample. However, in this
case δ = ε/ n, and the required random sample would include (almost) all the constraints of L, thus
achieving no speedup.
An application: Finding a disc covering red points, but no blue points Consider two finite
sets of points in the plane, red and blue. As another application of the aforementioned technique, we
investigate the problem of finding a disk containing the largest number of red points, while avoiding all
the blue points. This is a natural problem related to learning and clustering [DHS01]. For example,
one might try to learn a concept believed to be a disk, from examples, where the red points represent
positive examples and the blue ones represent the negative ones. A possible criterion to optimize is to
say that the best concept (i.e., disk) is the one that classifies the blue points correctly (i.e., avoids them),
while minimizing the error on the red points (i.e., the disk covers as many red points as possible).
The corresponding problem, in high dimensions, of computing the best such ball seems to be computationally hard, since computing the separating hyperplane minimizing the number of outliers is
0.5−ε
n
NP-Hard [AK95]. In fact, approximating it within a factor of 2log
, for any fixed ε > 0, is “almost”
NP-Hard, see [ABSS97] for details. In constant dimension d, this ball can be computed by brute-force
enumeration of all possibilities, in nO(d) time. Motivated by this unattractive option, we develop approximation algorithms for this problem, where we look for the ball containing (approximately) the largest
number of red points, while avoiding all the blue points. More specifically, we observe that every red
point p induces a feasible region which is the locus of the centers of the maximal balls containing p and
not containing any blue points in their interior. Thus, the problem reduces to that of finding a point in
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the plane (or in space) having the largest number of such regions covering it; namely, a deepest point in
an arrangement of such regions.
In Section 4.2, we show that computing the deepest point in an arrangement of disks in the plane is
3sum-hard [GO95] and present a (1 − ε)-approximation algorithm with O(nε−2 log n) expected running
time. In Section 4.3, we investigate the geometry of the problem of, given a set of blue and a set of red
points, computing the disk containing the largest number of red points while avoiding all blue points. In
particular, we show that this is equivalent to, given a set of red planes and a set of blue planes in three
dimensions, computing the point having the largest number of red planes below it, while having all the
blue planes above it. The points lying below all blue planes and above a specific red plane form the
feasible region of that plane. Projecting the feasible regions to the plane, we obtain a set of pseudodisks
which can be manipulated efficiently using an implicit representation. Plugging this into the algorithm
for computing the depth of an arrangement of pseudodisks results in an approximation algorithm, with
O(nε−2 log2 n) expected running time, which returns a disk covering (1 − ε)kopt points, where kopt is the
number of red points covered by the optimal disk. We also study this problem in higher dimensions.
Approximate counting. Given a set of points P in IRd and a class of ranges, the problem of range
searching is preprocessing P so that, given a range τ , one can quickly answer (i) emptiness queries: test
whether τ ∩ P = ∅, (ii) counting queries: report the size of τ ∩ P , or (iii) reporting queries: report
the elements of τ ∩ P . This problem and its variants have numerous applications and have received
substantial attention. See [AE98] for a survey of the subject.
Interestingly, there is a complexity gap between emptiness queries and counting queries. In the
(somewhat reasonable) computation model assumed by Brönnimann et al. [BCP93], halfspace counting
queries require Ω∗ (n1−2/(d+1) ) time per query, if only linear space is allowed.1 Matoušek [Mat93] showed
how to answer such queries in O(n1−1/d ) time. On the other hand, halfspace emptiness queries can
be answered in logarithmic time in two and three dimensions, and in O∗ (n1−1/bd/2c ) time in higher
dimensions [Mat92], using near-linear space; this is slightly faster than the aforementioned lower bound
for the counting problem. Especially interesting is the situation in dimensions two and three, where the
gap is between logarithmic query time for emptiness queries and polynomial query time for counting
queries.
In Section 5, we show that this gap disappears if one is willing to get an approximate answer to the
counting query. In particular, given a prespecified ε, 0 < ε < 1/2, we show how to reduce a counting
query to a sequence of emptiness queries of length polynomial in log n and ε−1 . For any range τ , this
data structure reports a number µτ , such that (1 − ε) |τ ∩ P | ≤ µτ ≤ |τ ∩ P |. Thus, approximate
counting and emptiness range searching are computationally nearly equivalent. Since this circumvents
the aforementioned gap, we believe it to be of independent interest.
We contrast our results with the work of Arya and Mount [AM00] that considers a different notion
of approximation for the range searching problem. They approximate the range (using a distance which
depends on the diameter of the query shape) and return the exact count inside this approximate shape. In
our results, on the other hand, the shape is fixed but the count returned is approximated. In particular,
our results apply to halfspace range searching, while Arya and Mount methods cannot be applied here,
as a halfspace has infinite diameter.
Our results are based on careful application of random sampling, using several multi-resolution
samples. By performing the computation at the right resolution, we are able to achieve fast running
1

We use f (n) = O∗ (g(n)) to express f (n) = O(g(n) logc n) and f (n) = Ω∗ (g(n)) to mean f (n) = Ω(g(n) log−c n), for
some constant c > 0.
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time. This technique is by now standard in the area of randomized algorithms. Recent results that
use similar techniques include [IM98, Ind00, HI00]; this list is by no means exhaustive. In the context
of halfspace range searching, Chan [Cha00] used multi-resolution random samples to roughly estimate
the depth of the query, and speed up halfspace range reporting queries, in the expected sense. Finally,
Agarwal et al. [AHR+ 02] studied a similar problem (in somewhat easier settings) and also used random
sampling to get a fast approximation to the point of maximum depth.
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Preliminaries

Given a set of objects S in IRd and a point q ∈ IRd , let the depth of q in S, depth(q, S), be the number
of objects of S containing q. The depth of S is defined as maxq depth(q, S), with q ranging over all of
IRd . Finally, let core(S) denote the locus of points realizing depth(S).
In the remainder of the paper, we assume that the sets S are well-behaved. In particular, we require
that the complexity of the arrangement formed by S be bounded by |S|O(d) . The arrangement formed
by S is the decomposition of the plane (or, more generally IRd ) induced by a collection of such shapes
[SA95]. The combinatorial complexity of an arrangement is the total number of edges, faces, and vertices
in the arrangement. A k-level in an arrangement of curves is the closure of the set of points on the
curves that have exactly k curves below them. For a set of regions R, the union of R is the set of points
in the plane covered by at least one region of R. For a union of regions, its complexity is the number
of edges and vertices of the arrangement lying on the boundary of the union (i.e., this is the descriptive
complexity of the union). Analogous definitions apply in higher dimensions.
In the following, we need the Chernoff inequality, see [MR95].
Theorem 2.1 (Chernoff inequality.) Let X1 , . . . Xn be n independent Bernoulli trials, where
X
Pr[Xi = 1] = pi , Pr[Xi = 0] = 1 − pi , Y =
Xi ,
and µ = E[Y ] .
i

Then, for any δ > 0,
(
exp(−µδ 2 /4) δ ≤ 2e − 1 (case (a)),
Pr[Y > (1 + δ)µ] <
2−µ(1+δ)
δ ≥ 2e − 1 (case (b)),

(2.1)


Pr[Y < (1 − δ)µ] ≤ exp −µδ 2 /2 .

(2.2)

and
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From Exact Depth to Fast Approximate Depth

Given a set S of n objects and ε > 0, we consider the following two problems:
Problem 1: Computing depth(S) exactly, perhaps also producing a witness point, i.e., a point in core(S).
Problem 2: Estimating δ = depth(S), i.e., producing an integer k with the (1 − ε)δ ≤ k ≤ δ together
with a witness point of that depth.
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We will also need, as a subroutine, a procedure DepthTreshold(S 0 , k) with the following behavior:
Given a collection S 0 ⊂ S of n0 objects and an integer k > 0, determine depth(S 0 ) exactly (and produce
a witness point of this depth), if it does not exceed k, otherwise just return “depth(S 0 ) > k”. We refer
to this as depth thresholding. Let Tdt (n0 , k) be its running time.
Solving problem (1) seems to require computing the
 whole arrangement A(S) (at least in general
settings). Therefore a running time better than O nd for this problem seems unlikely. As such, we
will concentrate in this section on the approximation version of this problem, namely, problem (2). In
particular, in this section, we show how to solve problem (2) by performing a logarithmic number of
depth thresholding calls.

3.1

An approximate decision procedure

The intuitive idea behind approximating δ := depth(S) for a collection S of n objects is to perform a
binary search on the value of the depth. However, we cannot afford to use an exact decision procedure
(i.e., a test comparing δ to a given number k) in each round, as all known methods of computing
the depth exactly essentially compute the full arrangement A = A(S). (Actually, using the depth
thresholding idea, one can test whether δ > k for any given k, without necessarily computing the whole
arrangement, but the cost Tdt (n, k) of doing this usually grows with k, so it is too expensive to perform
the test for large values of k. This is precisely the case where the randomized procedure given below
is more efficient.) The idea is to first perform a “rough” search for the right depth (up to a constant
factor). Once we are in the right range, one can find the approximate depth by applying the depth
thresholding procedure to a single random sample, using the relation between the depth of S and that
of the sample.
To this end, we develop an approximate decision procedure, which, given a value k, returns “k < δ”
with high probability if k is significantly smaller than δ and “k > δ” with high probability if k is
significantly larger than δ. We start by proving the following technical lemma.
Lemma 3.1 Let S be a set of n objects in IRd , ε, 0 < ε < 1/2, be fixed, k > 0 be an integer, and R ⊆ S
be a random subset formed by picking each object with probability


log n
ψ = ψ(ε, k) := min c1 2 , 1 ,
kε
independently, where c1 is a sufficiently large constant. Then, for a point p ∈ IRd , we have, with high
probability, that
(i) If depth(p, R) ≥ α+ (ε, k) := 2kψ, then with high probability, depth(p, S) ≥ (3/2)k.
(ii) If depth(p, R) ≤ α− (ε, k) := (1 − ε)kψ, then with high probability depth(p, S) ≤ k.
(iii) If depth(p, R) ≥ α− (ε, k) then, with high probability,
(1 − ε) depth(p, S) ≤

depth(p, R)
≤ (1 + ε) depth(p, S);
ψ

namely, the depth of a “deep” point in A(R) is a good estimate of its depth in A(S).
Proof: If ψ = 1, there is nothing to prove, so we assume ψ < 1 in what follows.
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(i) Consider a point p ∈ A(S) such that r := depth(p, S) < (3/2)k. We have that µ := E[depth(p, R)]
= rψ and r(1 + ε/4) < 2k. Therefore,


2k
ν := Pr[depth(p, R) ≥ 2kψ] = Pr depth(p, R) ≥
µ
r



 
2k
= Pr depth(p, R) ≥ 1 +
−1
µ .
r
If

2k
r

− 1 ≤ 2e − 1, i.e., k/e ≤ r, then, by the Chernoff inequality Eq. (2.1) (a), we have

2 !

2 !
 
 
2k
2k
log n ε2
ν ≤ exp −µ
− 1 /4 = exp −rψ
− 1 /4 ≤ exp −r c1 2
r
r
kε
36


 2
k
log n ε
1
≤ exp − c1 2
= Ω(1) .
e
kε
36
n

If r ≥ k/e then, by the Chernoff inequality (Eq. (2.1) (b)), we have
1
ν ≤ 2−2kµ/r = 2−2kψ ≤ Ω(1) .
n
d
(ii) Let p be a point of IR , such that r = depth(p, S) ≥ k. We have that µ = E[depth(p, R)] = rψ.
Arguing as above, we have
 2 
ε
1
Pr[depth(p, R) < (1 − ε)kψ] ≤ Pr[depth(p, R) < (1 − ε)rψ] ≤ exp − rψ ≤ Ω(1) .
2
n
(iii) Arguing as in case (i), we have that if depth(p, R) ≥ α− (ε, k) then depth(p, S) ≥ k/2, and this
holds with high probability. As such, we have that µ = E[depth(p, R)] ≥ kψ/2. This implies, using the
Chernoff inequality (Theorem 2.1), that
 2 
 2 
ε
ε
1
Pr[depth(p, R) > (1 + ε)µ] ≤ exp − µ ≤ exp − kψ ≤ Ω(1) .
4
8
n
Similarly,
 2 
ε
1
Pr[depth(p, R) < (1 − ε)µ] ≤ exp − µ ≤ Ω(1) ,
2
n
implying the claim.
Corollary 3.2 Let S be a set of n objects, with δ = depth(S). Let ε, 0 < ε < 1/2, be fixed, k ≥ δ/4 be
an integer, and R ⊆ S be a random subset formed by picking each object with probability


log n
ψ = ψ(ε, k) := min c1 2 , 1 ,
kε
independently, where c1 is a sufficiently large constant. Then, we have:
(i) If depth(R) ≥ α+ (ε, k) := 2kψ, then with high probability, δ ≥ (3/2)k.
(ii) If depth(R) ≤ α− (ε, k) := (1 − ε)kψ, then with high probability δ ≤ k.
(iii) For all p ∈ IRd , such that depth(p, R) ≥ α− (ε, k) we have, with high probability, that
(1 − ε) depth(p, S) ≤

depth(p, R)
≤ (1 + ε) depth(p, S).
ψ

Proof: Follows immediately from Lemma 3.1, since the complexity of A(S) is polynomial. Indeed,
place a point inside each face of A(S), and apply the lemma to all these points.
6

3.1.1

If we know where to look, we can find it

Assume that we are given an estimate y of δ := depth(S), with y ≤ δ ≤ 8y. Then we can compute
approximately the depth of S. Indeed, compute a random sample R of S as specified by Lemma 3.1,
for k = y/2. Next, perform depth thresholding on R with threshold M := 16yψ = O(ε−2 log n), where
ψ = ψ(ε/4, k). It is easy to verify that, with high probability (by the Chernoff inequality), the depth
of R is bounded from above by M (as the expected maximum depth is M/2). Furthermore, δ > k,
and by Corollary 3.2 (ii), we have depth(R) > α− (ε/4, k) (again, with high probability). Let v be the
witness point returned by DepthTreshold(R, M ) with the maximum depth in R. The depth of v
in A(R) exceeds α− (ε/4, k), and by Corollary 3.2 (iii), depth(v, R)/ψ is a (1 ± ε/4)-approximation to
depth(v, S). In particular,
depth(v, R) ≤ (1 + ε/4)ψ depth(v, S).
Now, consider a point q ∈ core(S), that is with depth(q, S) = depth(S). As before, with high probability,
depth(q, R) ≥ α− (ε/4, k), and we have
(1 − ε/4)ψ depth(S) ≤ depth(q, R) ≤ depth(v, R) ≤ (1 + ε/4)ψ depth(v, S).
Namely, depth(v, S) ≥ (1 − ε) depth(S) and
(1 − ε/4) depth(S) ≤

depth(v, R)
≤ (1 + ε/4) depth(S).
ψ

Computing v takes O(n + Tdt (2nψ(ε/4, k), O(ε−2 log n))) time and succeeds with high probability,
where 2nψ(ε/4, k) is an upper bound on the size of R that holds with high probability. Let FindDeepPoint(S, y) denote this algorithm.
3.1.2

Testing the water

It remains to find a good estimate of the maximum depth of S. Assume that we have a guess k, such
that δ ≤ 4k. We construct procedure DepthTest that outputs either “guess too big” or a range [y, 4y]
containing δ with high probability.
The procedure DepthTest works by computing the sample R, according to Corollary 3.2, and
applying the depth thresholding to R; formally, we execute DepthTreshold(R, α+ (ε, k)). Consider
the random variable X = depth(R).
If X ≥ α+ (ε, k) (i.e., DepthTreshold returned “depth exceeds threshold”) then it follows that
δ ≥ (3/2)k by Corollary 3.2 (i). In addition, since we assumed that δ ≤ 4k, we have that (3/2)k ≤ δ ≤
4k, and DepthTest returns [k, 4k] as the range containing δ.
If X ≤ α− (ε, k) then by Corollary 3.2(ii), with high probability, δ ≤ k. Namely, our guess k of the
depth is too large, and DepthTest outputs “guess too high”.
If α− (ε, k) < X < α+ (ε, k) then, by Lemma 3.1 (iii), with high probability, we have that (1 − ε)k ≤
δ ≤ 2k(1 + ε), so DepthTest returns [k/2, 4k] as the range containing δ.
The running time of DepthTest is dominated by the running time of DepthTreshold.
3.1.3

The algorithm

The procedure DepthTest can tell us if the guess k for the maximum depth is in the right range, or
alternatively that the guess is too large. We use it to perform an exponential decreasing search for the
right range, as follows.
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Theorem 3.3 Let S be a set of n objects in IRd of depth δ. Suppose there exists an algorithm implementing depth thresholding for depth at most k in a set of m objects in time Tdt (m, k). Then,
given a prespecified parameter ε, 0 < ε < 1/2, one can compute a point of depth at least (1 − ε)δ in
O(n + Tdt (r0 , δ 0 ) log n) expected time, where δ 0 = min(c2 ε−2 log n, n) and r0 = min(n, δ 0 n/δ). In fact,
the running time is O(n + Tdt (r0 , δ 0 )) if Tdt (r0 , k) is Ω(r0 ), for any k. The output is correct with high
probability.
Proof: Let ki = n/2i , for i = 1, . . . , dlg ne. In the ith iteration, we estimate whether δ ≤ ki , using
DepthTest. This requires O(n + Tdt (ri , δi )) time, where δi and ri is the depth and the size of the ith
random sample, respectively. If ki is too big according to DepthTest then we continue to the next
iteration.
Otherwise, we know that ki ≤ δ ≤ 4ki . We now use FindDeepPoint(S, ki ) and this returns
the required point and its depth, see Section 3.1.1. Note, that as far a running time, this invocation
of FindDeepPoint takes (asymptotically) the same time as the last call to DepthTest (as both
procedures essentially “just” call DepthTreshold).
Since at the last call to the FindDeepPoint we have ki ≤ δ ≤ 4ki , it follows that the expected depth
of the random sample used is O(ε−2 log n). Note, that the sizes of the samples used DepthTest form
an increasing geometric sequence. Thus, the last iteration uses the largest sample. Furthermore, the
expected depth of the sample increases with each sample. Therefore, using Chernoff inequality again (we
omit the straightforward, but tedious details), we deduce that, with high probability, δi = O(ε−2 log n),
for i ≥ 1.
Since we use O(log n) calls to DepthTest, the claim follows. As for the improved running time,
observe that in those O(log n) calls, as mentioned above, we use samples of geometrically increasing
sizes. Thus the overall running time is dominated by the cost of FindDeepPoint, which results in a
call to the depth thresholding algorithm. With high probability, the sample size in the last iteration is
O(c2 (n/δ)ε−2 log n) as claimed.
To achieve further speedup, observe that we can compute all the random samples in advance. Let
R1 := S, and let Ri be the sample computed from Ri−1 , by picking each element with probability 1/2
(this is known as gradation). Clearly, this takes O(n) time, with high probability, and we can use the
appropriate random sample when needed. Thus, the overall time to compute the random samples is
linear. (Note, that although the samples are no longer independent, the analysis still works since we
have used the union bound to bound the probability of failure.)
In the above algorithm the call to FindDeepPoint can be carried out using the results of the last
DepthTest call issued by the algorithm. Therefore, the procedure FindDeepPoint can be merged
with DepthTest to create a simpler algorithm. We believe, however, that the current presentation is
more intuitive (and we hope that the reader will agree).

3.2

Finding a point of minimum depth

For a set of objects S in IRd , let depthmin (S) denote the depth of a point in IRd covered by fewest objects
in S. An algorithm computes a minimum depth thresholding for a set X of objects, if it returns a point
of minimum depth at most k in A(X), in time TminDT (|X|, k), or alternatively reports that all points in
A(X) are of depth larger than k.
It is easy to verify that above discussion can be adopted to this “complementary” setting.
Theorem 3.4 Let S be a set of n objects in IRd of minimum depth δ = depthmin (S). Suppose there
exists an algorithm implementing depth thresholding for depth at most k in a set of m objects in time
8

TminDT (m, k). Then, given a prespecified parameter ε, 0 < ε < 1/2, one can compute a point of
depth at most (1 + ε)δ in O(n + TminDT (r0 , δ 0 ) log n) expected time, where δ 0 = min(c2 ε−2 log n, n) and
r0 = min(n, δ 0 n/δ). In fact, the running time is O(n + TminDT (r0 , δ 0 )) if TminDT (r0 , k) is Ω(r0 ), for any k.
The output is correct with high probability.
In fact, if we are given a target depth k, there is no need to perform the binary search for the right
depth, and we obtain the following:
Theorem 3.5 Let S be a set of n objects in IRd . Let f (·) be a function defined over IRd . Let Alg be
an algorithm that, given X ⊆ S, and a parameter t, can report the point x ∈ IRd , such that f (x) is the
minimum among all points contained in t or fewer regions of X (if no such point exists Alg outputs
“infeasible”). Suppose that the running time of Alg is TminDT (|X|, t). Then, given prespecified parameters
ε > 0 and k, one can compute a point u ∈ IRd of depth at most (1 + ε)k in S, in O(n + TminDT (r0 , δ 0 ))
expected time, where δ 0 = min(c2 ε−2 log n, n) and r0 = min(n, δ 0 n/k). Furthermore, f (u) ≤ f (vk ), where
vk is a point minimizing f among all points in IRd of depth k or less in A(S)s. The out is correct with
high probability.

4

Applications

4.1

Linear programming with violations

Given a linear program L with n constraints in IRd , one can determine whether there exists a point
that violates at most k constraints of L in O(nk d+1 ) time [Mat95]. This problem can be solved in
O((n + k 2 ) log n) time in two dimensions, and in O(n + k 11/4 n1/4 ) time in three dimensions [Cha05].
Using these algorithms to implement depth thresholding in Theorem 3.4 and Theorem 3.5 results in the
following:
Theorem 4.1 Let L be a linear program with n constrains in IRd , and let f be the objective function to
be minimized. Let kopt be the minimum number of constraints that must be violated to make L feasible,
and let v be the point minimizing f (v) with kopt constraints violated. Then one can output a point
u ∈ IRd such that u violates at most (1 + ε)kopt constraints of L, and f (u) ≤ f (v). The results returned
are correct with high probability. The expected running time (which also holds with high probability) of
this algorithm is


O(1)
• O n log(ε−1 log n) +(ε−1 log n)
, for d = 2, 3, and


d+1
• O n(ε−2 log n)
, for d > 3.
Remark 4.2 For the algorithm of Theorem 4.1, if k is specified in advance, one can find a point u
violating at most (1 + ε)k constraints of L, with f (u) ≤ f (vk ), where vk is the optimal solution violating
at most k constraints. If L is not feasible when violating only k constraints, the algorithm may output
“infeasible”.
Note, that this observation implies a number of new results, see the introduction of Chan [Cha05]
for a list of problems that can be solved approximately using our techniques. For example, in IRd , given
n points, an integer k, 0 < k < n, and ε > 0, one can find a spherical shell containing all but (1 + ε)k
points, which has a volume smaller than the minimum-volume spherical shell containing all but k points.
The resulting running time is O(n(ε−1 log n)O(d) ).
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Remark 4.3 Observe, that if kopt is sufficiently large in Theorem 4.1, then the running time is in
fact
 linear, as the
 samples used by the algorithm are sufficiently small. In particular, for kopt =
Ω (ε−2 log n)

d+2

, the running time of the algorithm of Theorem 4.1 is O(n).

Remark 4.4 (Handling Outliers.) Using Theorem 3.5 and plugging it into the techniques of HarPeled and Wang [HW04], one can solve shape fitting problems with outliers in near-linear time. For
example, given a set P of n points in the plane and parameters k, ε, δ > 0, one can compute an annulus
A, in expected O(n + (ε−1 δ −1 log n)O(1) ) time. With high probability, the annulus A contains all but at
most (1 + ε)k points of P and its width is at most (1 + δ)wopt (P, k), where wopt (P, k) is the minimum
width of an annulus containing all but k points of P . Note that the approximation here is both in terms
of the width of the annulus and the number of outliers. This result was known before only for the case
when the number of outliers was large (i.e., close to n). Our methods can be applied to all the problems
studied by Har-Peled and Wang [HW04]. To prevent this paper from deteriorating into a shopping list,
we omit any further details.

4.2

Approximating the deepest point in a pseudodisk arrangement

Lemma 4.5 Determining a point of maximum depth in an arrangement of n disks is 3sum-hard.
Proof: It is 3sum-hard to decide, given a set of lines in the plane with integer coefficients, whether
any three of the lines have a point in common [GO95]. Consider such a set L of n lines. We assume
they are given by equations of the form ax + by = c, with a, b, c ∈ ZZ.
One can compute in O(n log n) time an axis-parallel square Q containing all vertices of the arrangement A(L). Indeed, let M be the coefficient with the largest absolute value appearing in the n given
lines. For two lines ax + by = c and a0 x + b0 y = c0 , the coordinates of their intersection point is, by
Cramer’s rule, a ratio of two 2 × 2 determinants with entries from among these six numbers. So the x
coordinate of such an intersection point is in [−2M 2 , 2M 2 ]. Arguing similarly for y, we conclude that
2
the square Q = [−2M 2 , 2M 2 ] contains all the intersection points of the lines (and it can be computed in
O(n) time). Alternatively, one can compute the leftmost, rightmost, topmost and bottommost vertices
in the arrangement of the lines L in O(n log n) time [Mat91].
Furthermore, one can compute a lower bound ∆ on the distance
between a vertex of A(L) and a line of L not passing through it. Indeed,
consider a line ` : ax + by = c, where |a|, |b|, |c| ≤ M , and a point p = Q
(α, β) which is formed by the intersection of two given lines. The distance
of p from ` is
aα + bβ − c
x= √
.
p
a2 + b 2
q
Now, aα + bβ − c is a rational number with dominator smaller than
4M 4 , since the denominator of α and β are smaller than 2M 2 by the
above argument, and a, b, c are integers. Thus, if the numerator of x is
non-zero, its absolute value is at least 1/(4M 4 ). Therefore, if x is not
||p − q|| ≤ ∆4
zero then
Figure 4.1
|aα + bβ − c|
1/4M 4
1
|x| = √
≥ √
>
=:
∆.
8M 5
a2 + b 2
2M 2
Next, we replace each line ` ∈ L by two sufficiently large disks D` , D`0 of equal radii, such that
∂D` ∩ ∂D`0 = ` ∩ ∂Q (so that D` ∩ D`0 is symmetric with respect to `) and D` ∩ D`0 lies in the strip of half10

width ∆/4 centered at `. Namely, we replace the segment ` ∩ Q by a lens formed by the intersection of
two “large” disks. The union of the two disks that form the lens contains the square Q. By construction,
three original lines intersect if and only if the three corresponding lenses share a point. See Figure 4.1.
Let D be the resulting set of 2n disks. Note that no point outside Q is covered by more than n of
the disks. Moreover, there is a point in Q contained in at least n + 3 disks of D if and only if some three
lines of L share a point. The reduction takes linear time.
Having argued that computing the depth exactly appears difficult, we turn to approximating it.
Consider a family S of n x-monotone pseudodisks, i.e., a collection of regions, each bounded by a
connected closed curve of constant algebraic complexity, such that any vertical line intersects a region
in a connected interval, if at all, and such that the boundaries of any two regions cross at most twice.
In the following, we assume that we can perform the geometric primitives on pseudodisks in constant
time per operation. We need the following facts:
S
(i) The complexity of the union U := S of n x-monotone pseudodisks is O(n) [KLPS86].
(ii) Using a randomized incremental construction, one can compute U in O(n log n) expected time
[MMP+ 94]. Furthermore, in the same amount of time one can preprocess U for O(log n)-time
point-location queries.
(iii) For a set S of n pseudodisks, the total complexity of faces of depth at most k in their arrangement
A = A(S) is O(nk) [CS89, Sha03, Sha91].
(iv) Using a randomized incremental construction, one can compute all faces at depth at most k in
A in time O(nk + n log n) [BY98]. (In fact, if we are interested in “depth thresholding” rather
than construction of a subset of A, this can be done with a standard plane sweep in O(nk log n)
deterministic time [dBvKOS00].)
Theorem 4.6 Given a set S of n pseudodisks, one can compute a point q of depth at least (1 −
ε) depth(S), in O(nε−2 log n) expected time. The output is correct with high probability.
Proof: Given any set X of m pseudodisks, we can compute the deepest point in A(X), in T (m, δ) =
O(mδ + m log m) time, using the algorithm of fact (iv) above, where δ := depth(X). The theorem now
follows from Theorem 3.3.

4.3

Finding a Ball with Maximum Number of Red Points

We consider the following two problems.
Problem 4.7 Given two sets of red and blue points in IRd , denoted by R and B, respectively, with a
total of n points, find a ball that contains the maximum number of red points, while not containing any
blue point in its interior.
Problem 4.8 Given two sets of red and blue hyperplanes in IRd , denoted by R and B, respectively,
of total size n, find a point lying below (or on) all blue hyperplanes and below (or on) the maximum
number of red hyperplanes.
The second problem appears more abstract and less natural. However, it is more general, as the
former reduces to the latter, albeit in one higher dimension. Indeed, if one applies the standard “lifting
transformation” [Ede87] which maps balls in IRd to hyperplanes in IRd+1 and points in IRd to points
11

on the standard paraboloid in IRd+1 in such a manner that a point lies within a ball if and only if
the corresponding lifted point lies below the corresponding hyperplane, an instance of Problem 4.7 is
transformed into that of Problem 4.8. More precisely, we lifted the two points sets by one dimension,
such that now we look for a hyperplane lying below all the blue points, and that has as many red points
below it as possible. Now, using point/hyperplane duality that preserves above/below relationship
between points and hyperplanes, we get Problem 4.8.
We now explain how to solve Problem 4.8 efficiently for d = 3 (which corresponds to solving Problem 4.7 for disks in the plane), both exactly and approximately, and later discuss higher-dimensional
extensions.
Theorem 4.9 Given sets R and B of red and blue planes in IR3 , respectively, with a total of n planes,
one can compute a point that lies below (or on) all blue planes and above (or on) the maximum number
kopt of red planes in time O(n2 log n).
Given in addition a parameter ε > 0, one can compute a point with the property that it lies below
(or on) all blue planes and above (or on) (1 − ε)kopt red planes, in expected time O(nε−2 log2 n).
Proof: We reduce the problem to that of depth in pseudodisk arrangement. Let B be the (convex)
set of points lying below (or on) all of the blue planes. Without loss of generality, we can restrict our
attention to points on ∂B. A point p ∈ ∂B lies on or above a plane π ∈ R if and only if its projection p0
to the xy-plane lies in the projection of π ∩ B, which is a convex set in the plane; we denote it by Cπ .
We claim that {Cπ | π ∈ R} is a family of (convex, and therefore x-monotone) pseudodisks. Indeed,
the intersection points of ∂Cπ and ∂Cπ0 are the projections of the points in π ∩ π 0 ∩ ∂B, which is the
intersection of a convex surface with a straight line.
At this point, we observe that B can be computed in time O(n log n) time (for example, by computing
the convex hull of the dual points, see [Ede87]) and preprocessed into the Dobkin-Kirkpatrick hierarchy [DK90], so that Cπ can be manipulated implicitly. More specifically, it is easily checked that the
following operations can be performed on the resulting pseudodisks in logarithmic time: Computation
of boundary intersection points of two pseudodisks, computation of x-extreme points of a pseudodisk,
computation of points of intersection of a pseudodisk with a y-vertical line. Armed with these operations, we can compute the entire arrangement and thus its depth in time O(n2 log n) as in fact (ii)
above. Similarly, Theorem 3.3 together with the implicit representation yield the desired approximation
algorithm.
We now turn to the higher-dimensional version of the problem. Recall that we aim to compute a
point above a maximum number of red hyperplanes, while lying below all blue hyperplanes. Checking if
such a point of depth k exists can be performed as follows: Compute the (≤ k)-levels of the arrangement
A(R ∪ B) [AES99, Mul91]. Traverse the 1-skeleton of the resulting structure, clipping away the portions
of those levels that lie above the lower envelope of B and record the highest-depth unclipped vertex.
This takes time proportional
to the time spent on computing the (≤ k)-levels of A(R ∪ B), which is

bd/2c dd/2e
T (n, k) = O n
k
[AES99, Mul91]. Using this observation to implement depth thresholding in
the algorithm of Theorem 4.6, we obtain the following:
Theorem 4.10 Given sets R and B of red and blue hyperplanes in IRd , for d ≥ 4, |R| + |B| = n, and
a parameter ε > 0, one can compute a point that lies below (or on) all blue hyperplanes and above (or
on) at least (1 − ε)kopt hyperplanes, where kopt is the maximum number achievable. The running time
dd/2e
of the algorithm is O(nbd/2c (ε−2 log n)
) with high probability.
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Corollary 4.11 Given sets R and B of red and blue points in IRd , for d ≥ 3, |R| + |B| = n, and a
parameter ε > 0, one can compute a ball B that contains (1 − ε)kopt red points, while avoiding all blue
points, where kopt is the maximum number of red points that can be covered by such a ball. The running
d(d+1)/2e
time of the algorithm is O(ndd/2e (ε−2 log n)
).
Can the algorithm running time in Theorem 4.10 be further improved? We leave this as an open
problem for further research.

5

From Emptiness to Approximate Range Counting

Assume that there exists an emptiness testing data structure that can be constructed in T (n) time for a
set S of n objects such that, given a query range τ , we can check in Q(n) time whether τ intersects any
of the objects in S. Let S(n) be the space required to store this data structure. In this section, we show
how to build a data structure that quickly returns an approximate number of objects in S intersecting
τ using emptiness testing as a subroutine.
In particular, let µτ denote the number of objects of S intersected by τ . Below we use ε > 0 to
denote the required approximation quality; namely, we would like the data structure to output a number
ατ such that (1 − ε)µτ ≤ ατ ≤ µτ .

5.1

The decision procedure

Given parameters z ∈ [1, n] and ε, with 1/2 > ε > 0, we construct a data structure, such that, for any δ,
with 1/2 > δ ≥ ε, and a query range τ , we can decide, with high probability, whether µτ < z or µτ ≥ z.
The twist that makes it efficiently solvable is that the data structure is allowed to make a mistake if
µτ ∈ [(1 − δ)z, (1 + δ)z].
The data structure. Let R1 , . . . , RM be M independent random samples of S, formed by picking
every element with probability 1/z, where M := N (ε),


N (ε) := c3 ε−2 log n ,
and c3 is a sufficiently large absolute constant. Build M separate emptiness-query data structures
D1 , . . . , DM , for the sets R1 , . . . , RM , respectively, and put D = D(z, ε) := {D1 , . . . , DM }.
Answering a query. Consider a query range τ and approximation quality δ, 1/2 > δ ≥ ε, and let
Xi = 1 if τ intersects any of the objects of Ri and Xi = 0 otherwise, for i = 1, . . . , N = N (δ); note
that we use N rather than all M of the samples Ri in answeringPthe query. The value of Xi can be
determined using a single emptiness query in Di . Compute Yτ := 1≤i≤N Xi .
For a range σ of depth k, the probability that σ does not avoid all the elements of Ri is


1
ρ(k) := 1 − 1 −
z

k
.

If a range σ has depth z, E[Yσ ] = N ρ(z) =: ∆. Our data structure returns “depth(τ, S) < z” if Yτ < ∆,
and “depth(τ, S) ≥ z” otherwise.
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Correctness. In the following, we show that with high probability the data structure indeed returns
the correct answer if the depth of the query range is outside the “uncertainty” range [(1 − δ)z, (1 + δ)z].
For simplicity of exposition, we assume in the following that z ≥ 10 (the case z < 10 follows by similar
arguments). Consider a range τ of depth at most (1 − δ)z. The data structure returns wrong answer if
Yτ > ∆. We will show that the probability of this event is polynomially small. The other case, where τ
has depth at least (1 + δ)z but Yτ < ∆ is handled in a similar fashion.
Lemma 5.1 The probability Pr[Yτ > ∆ | depth(τ, S) ≤ (1 − δ)z] does not exceed n−c6 , where c6 =
c6 (c3 ) > 0 depends only on c3 and can be made arbitrarily large by a choice of a sufficiently large
c3 > 0.
The proof of this lemma follows from the Chernoff inequality. It is tedious and not very insightful;
thus it is delegated to Appendix A. This implies the following lemma.
Lemma 5.2 Given a set S of n objects, a parameter 0 < ε < 1/2, and z ∈ [0, n], one can construct a
data structure D(z) which, given a range τ and a parameter 1/2 > δ ≥ ε, returns either low or high.
If it returns low, then µτ ≤ (1 + δ)z, and if it returns high then µτ ≥ (1 − δ)z. The data structure
might return either answer if µτ ∈ [(1 − δ)z, (1 + δ)z].
The data structure D consists of M = O(ε−2 log n) emptiness data structures. The space and time
needed are O(S(2n/z)ε−2 log n) and O(Q(2n/z)δ −2 log n), where S(m) and Q(m) are the space needed
for a single emptiness data structure storing m objects and the time needed for a single query in such a
structure, respectively. All bounds hold with high probability.
Proof: The lemma follows immediately from the above discussion. The only missing part is observing
that, by the Chernoff inequality, |Ri | ≤ 2n/z, with high probability.
The path to answering approximate counting query is now clear. We use Lemma 5.2 to perform
binary search, repeatedly narrowing the range containing the answer. We stop when the size of the
range is within our error tolerances. At the start of the process, this range is large, so we use large
values of δ. As the range narrows δ is reduced. (Recall that δ determines the query cost in Lemma 5.2
by controlling the number of samples whose range emptiness data structures are consulted to answer
the query.)
One difficulty is that Lemma 5.2 works only for δ < 1/2. We next strengthen it considerably for
much larger values of δ. Intuitively, then number of “experiments” (i.e., emptiness queries) we need to
perform is only Θ((log n)/ log δ) to answer a low/high query and have a high probability guarantee.
Lemma 5.3 Given the data structure of Lemma 5.2, z a value to compare to, and δ > c5 one can decide
for a query range τ if µτ < z/(1 + δ) or µτ ≥ z(1 + δ). Here c5 is a sufficiently large constant. The data
structure is allowed to return any answer if µτ ∈ [z/(1 + δ), (1 + δ)z] This requires N = dc6 (log n)/ ln δe
emptiness queries, and the answer returned is correct with high probability, where c6 is an appropriate
absolute constant.
The proof of this lemma is a tedious but careful application of Chernoff inequality, deferred to
Appendix B.
Remark 5.4 Note, that there is a gap between the ranges of δ to which Lemma 5.2 and Lemma 5.3 are
applicable, namely when δ is between 1/2 and c5 . If we need to apply either lemma in such a situation,
we use Lemma 5.2 with δ = 1/4 a constant number of times.
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5.2

The data structure

Lemma 5.2 and Lemma 5.3 provide us with a tool for performing a “binary” search for the count value
µτ of a range τ . For small values of i, we just build a separate data structure Di = D(vi , εi ) of Lemma 5.3
for depth values vi = i/2, for i = 1, . . . , U = O(ε−1 ). For depth i, we use accuracy
(5.1)

εi = 1/8i

(i.e., this is the value of ε when using Lemma 5.2). Using these data structures, we can decide whether
the query range count is at least U , or smaller than U . If it is smaller than U , then we can perform a
binary search to find its exact value. The result is correct with high probability.
Next, consider the values vj = (U/4)(1 + ε/16)j , for j = U + 1, . . . , W , where W := c log1+ε/16 n =
O(ε−1 log n), for an appropriate choice of an absolute constant c > 0, so that vW = n. We build a data
structure Dj = D(vj , ε/16) for each z = vj , using Lemma 5.2.
In the end of this process, we have built D1 , . . . , DW .
Answering a query. Given a range query τ , each data structure in our list returns low or high.
Moreover, with high probability, if we were to query all the data structures, we would get a sequence of highs, followed by a sequence of lows. It is easy to verify that the value associated with
the last data structure returning high (rounded to the nearest integer) yields the required approximation. We can use binary search on D1 , . . . , DW to locate this changeover value using a total of
O(log W ) = O(log(ε−1 log n)) queries in the structures of D1 , . . . , DW . Namely, the overall query time
is O(Q(n)ε−2 (log n) log(ε−1 log n)).
Answering queries more efficiently. To speed up the query, we organize the search into O(log(n/ε))
rounds. Treat D1 , . . . , DW as a linked list LM , where M = dlg W e = O(log(ε−1 log n)). Next, we build a
data structure (which is somewhat similar to a skip-list), where Li−1 is formed from Li by picking every
other element of Li , such that the base list L1 has, say, 4 to 8 elements.
The search now continues in a top-down fashion starting from the list L1 . At the ith stage, we
maintain pointers to four consecutive data structures in Li , such that the left two return high and the
right two return low. Thus the exact answer µτ must lie between the depth associated with the first
and the fourth of these data structures in Li . The corresponding portion of Li+1 delimited by these
two data structures in Li is a sublist of (at most) seven data structures in Li+1 . We now query the at
most three new data structures in the list (i.e., the ones we have not queried on previous rounds) using
Lemma 5.2 and Lemma 5.3 to determine the sublist of four consecutive data structures whose range
contain the query depth. The key observation, leading to a more efficient query time, is that we answer
the queries, on the ith level, using an error parameter δi which is as large as possible, such that the
error intervals of all these data structures are disjoint.
We continue in this process until we reach the bottom level. Clearly, we have the required approximation and we return the value associated with, say, the leftmost data structure in this sublist as the
approximation.
1/4
2
We can
p set δ1 := n and (1 + δi /c)2 = 1 + δi−1 /c, where δi−1 > 1 and c is some constant. Therefore,
δi = O( δi−1 ), as long as, say, δi > c . To bound the number of emptiness queries used in this range,
where the error is large, we use Lemma 5.3, implying that the number of emptiness queries used is
!
lg lg n
lg lg n
X  log n 
X
X  log n 
log n
 =
O
=
O
O lg lg n−i = O(log n).
log δi
2
log 22lg lg n−i
2
i,δi >c

i=O(1)

i=O(1)
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Next, we bound the number of emptiness queries used when δ < 1/2. In the jth level of this more
refined search, we use δj0 = 1/2j . Thus, the number of emptiness queries is
lg(1/ε)

X
j=2



log n
O
δj02

lg(1/ε)


=

X


O 22j log n = O(ε−2 log n),

j=2

by Lemma 5.2. The number of queries with δ between 1/2 and c5 is constant and therefore does not
affect our asymptotic analysis, see Remark 5.4.
Lemma 5.5 Given a set S of n objects and a data structure that answers emptiness queries in Q(n)
time and can be built in T (n) time, one can construct in O(T (n)ε−3 log2 n) time a data structure that,
given a range τ , outputs a number ατ , with (1 − ε)µτ ≤ ατ ≤ µτ , where µτ is the number of objects in
S intersecting τ . The query time is

O ε−2 Q(n) log n .
The output of the query is correct with high probability for all queries and the running time bounds hold
with high probability.
(In the above lemma, we assumed the number of queries is polynomial.)
Space and time requirements Assume that the emptiness data structure uses S(n) space to store
n elements, and it can be constructed in T (n) preprocessing time.
We need a technical definition: If a data structure D can be constructed for n elements using S(n)
space in T (n) time, such that S(n/i) = O(S(n)/iλ ) and T (n/i) = O(T (n)/iλ ), for all n and 1 ≤ i ≤ n,
for a constant λ ≥ 1, then the data structure has degree λ. (The O notation might hide constants that
depend on λ.)
The space requirements to implement the data structure of Lemma 5.5 for the low range [1, O(1/ε)]
can be reduced by using precision δ := εi = 1/8i (see Eq. (5.1)) when considering numbers in the interval
Ii = [i/4, (i + 1)/4] which contains only a single integer. Therefore, the data structure returns the exact
answer in this case. The space needed is
O(1/ε)

X

S1 =

i=1

O(1/ε) 
O(1/ε)


X
X 1 

2 S(n)
O i S(n/8i) log n =
O i λ log n = O S(n) log n
i
iλ−2
i=1
i=1
2

= O(Hλ−2 (1/ε)S(n) log n),
where Hd (k) =

Pk

W
−U
X
i=1

i=1

1/id . For the intervals IU +1 , . . . , W , the space is at most proportional to

W
−U
X
S(n/(ε−1 (1 + ε/16)i ))
(ε/(1 + ε/16)i )λ
log
n
≤
O(S(n) log n)
2
ε2
ε
i=1

≤

W
−U
X
i=1

≤

O(S(n) log n)
ε2−λ (1 + ε/16)iλ

W −U
O(S(n) log n) X
1
ε2−λ
(1 + ε/16)iλ
i=1
∞

O(S(n) log n) X
1
O(S(n) log n)
≤
=
.
2−λ
i
3−λ
ε
(1
+
ε)
ε
i=1
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Thus, the overall space required is O((ελ−3 + Hλ−2 (1/ε))S(n) log n). A similar bound holds on the
preprocessing time.
The result Putting everything together, we have the following result.
Theorem 5.6 We are given a set of S of n objects. Assume that one can construct, in T (n) time, a
data structure of degree λ that answers emptiness queries in Q(n) time using S(n) space. Then one can
construct a data structure in O((ελ−3 +Hλ−2 (1/ε))T (n) log n) time, using O((ελ−3 +Hλ−2 (1/ε))S(n) log n)
space, such that, given a range τ , it outputsPa number ατ , such that (1 − ε)µτ ≤ ατ ≤ µτ , and the query
time is O(ε−2 Q(n) log n), where Hd (k) := ki=1 1/id and µτ is the exact answer to the counting query.
The result returned is correct with high probability for all queries.
(We assumed in the above theorem that the number of queries is polynomial.)
The number of emptiness queries used by Theorem 5.6 is probably tight. Indeed, just deciding if the
query depth lies in the range [z/(1 + ε), z(1 + ε)] requires O(ε−2 log n) emptiness queries by the Chernoff
inequality. Since the Chernoff inequality is tight it seems unlikely that the number of emptiness queries
can be improved. Notice that this argument only applies to the case where emptiness queries are treated
as a “black box” operations. If this assumption is removed, certain improvements are possible [AHS07].

5.3
5.3.1

Applications
Halfplane and halfspace range counting

Using the data structure of Dobkin and Kirkpatrick [DK85], one can answer emptiness halfspace range
searching queries in logarithmic time, when d = 2, 3. In this case, we have S(n) = O(n), T (n) =
O(n log n), Q(n) = O(log n), and λ = 1.
Corollary 5.7 Given a set P of n points in two (resp., three) dimensions, and a parameter ε > 0, one
can construct in expected O(nε−2 log2 n) time a data structure of size O(nε−2 log n), such that, given a
halfplane (resp. halfspace)τ , it outputs a number α, such that (1 − ε) |τ ∩ P | ≤ α ≤ |τ ∩ P |, and the
query time is O ε−2 log2 n . The result returned is correct with high probability for all queries.
Using the standard lifting of points in IR2 to the paraboloid in IR3 implies a similar result for
approximate range counting for disks, as a disk range query in the plane reduces to a halfspace range
query in three dimensions.
Corollary 5.8 Given a set of P of n points in two dimensions, and a parameter ε, one can construct
a data structure in O(nε−2 log2 n) expected time, using O(nε−2 log n) space, such that given a disk
 τ , it
2
−2
outputs a number α, such that (1 − ε) |τ ∩ P | ≤ α ≤ |τ ∩ P |, and the query time is O ε log n . The
result returned is correct with high probability for all possible queries.
These algorithms are faster by a polynomial factor in n than previously known exact procedures for
answering the corresponding questions.
Notice, that our techniques also apply to the higher dimensions settings in an obvious way. Since
the resulting bounds are somewhat less appealing, we refrain from stating them explicitly.
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5.3.2

Depth queries

By computing the union of a set of n pseudodisks in the plane, and preprocessing the union for pointlocation queries, one can perform “emptiness” queries in logarithmic time. This is done by computing
the union [EHS04], and then performing a point-location queries in it [dBvKOS00]. (Again, we are
assuming here that we can implement the geometric primitives on the pseudodisks in constant time.)
The space needed is O(n) and it takes O(n log n) time to construct the data structure. Thus, we get
the following result.
Corollary 5.9 A set of S of n pseudodisks in the plane can preprocessed in expected O(nε−2 log2 n)
time, using O(nε−2 log n) space, such that given a query point q, one can output a number α, such that
(1−ε) depth(p, S) ≤ α ≤ depth(p, S), and the query time is O ε−2 log2 n . The result returned is correct
with high probability for all possible queries.

6

Conclusions

In this paper, we have shown the connection between depth thresholding, emptiness, and approximate
depth computation. Note, that Theorem 5.6 is better than the result in the conference version of this
paper [AH05].
There are several natural problems for further research:
• Computing a square containing largest number of red points, while avoiding the blue points. Of
course, the same question can be asked for other families of shapes, such as rectangles, ellipses,
translates, or homothets of a fixed shape, etc.
• Proving a lower bound on the problem of computing the ball containing the largest number of red
points while avoiding the blue points. In particular, is this problem 3sum-hard in two dimensions?
We would also like to point out that the approximate depth computation in the plane does not require
“pseudodisk-ness.” Indeed, it is sufficient to have a family of objects with small complexity of the union,
such as the one described by [Efr05]. An analogous statement holds in three dimensions, though there
are few known classes of objects with small union complexity there for which the computation of the
union can be performed efficiently.

6.1

Permutations, emptiness, and randomized incremental construction

In a followup to this work, Haim Kaplan and Micha Sharir [KS06] showed that one can use the “permutations technique” of Edith Cohen [Coh97] to approximate the depth of a query range. The idea is
to randomly permute the set of objects S and compute the first index in the permutation whose corresponding object in S meets the query range. If the index is i, the estimate of the depth is n/i. Repeating
this process a sufficient number of times implies, by the Chernoff inequality, that the estimate is within
acceptable error range. To find the lowest index i where this happens, one can perform the query inside
a history graph of a randomized incremental construction algorithm for computing the union of the
objects. This yields polylogarithmic improvement over the proceedings version of this paper for some
specific applications (but no improvement over the current version). See [KS06] for details.
We observe that up to polylogarithmic factors, the two techniques are equivalent. Indeed, it is
sufficient to approximate the first index in the permutation that contains the query range up to a factor
of 1 + ε, which can be reduced to a binary search over emptiness data structures.
18

The other direction is somewhat more interesting. Our data structure has O(ε−1 log n) data structures at different resolutions, each comprised of O(ε−2 log n) emptiness data structures built over random
samples. If we were to use instead of independent random subsets of the input in our data structures, a
gradation (we remind the reader that a gradation is a sequence of random samples, where the ith sample
is a random sample of the higher (i − 1)th-level sample) then the sequence of queries performed along
the emptiness data structures associated with this gradation is essentially equivalent to the permutation
query. Thus, in some intuitive, rough, and very informal sense, the data structure of Kaplan and Sharir
performs the “same” computations as our data structure. The “sameness” here should be taken with
several sizeable grains of salt as everything looks similar from afar. It is interesting and surprising that
these two different approaches to the problem are so similar once one inspects the underlying machinery.
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Appendix A: Proof of Lemma 5.1
Proof: The probability α := Pr[Yτ > ∆ | depth(τ, S) ≤ (1 − δ)z] is maximized when depth(τ, S) =
(1 − δ)z. Thus
α ≤ β := Pr[Yτ > ∆ | depth(τ, S) = (1 − δ)z] .
We argue that this probability is polynomially
small.

Observe that Pr[Xi = 1] = ρ (1 − δ)z , where ρ(k) := 1 −(1 − 1/z)k . Therefore, we have

(1−δ)z !
 N
1
≥ N · 1 − e−(1−δ) ≥ ,
E[Yτ ] = N ρ((1 − δ)z) = N · 1 − 1 −
z
3

(.1)

since 1 − 1/z ≤ exp(−1/z). The last inequality holds since δ ≤ 1/2. By definition, ∆ = N ρ(z), therefore
z
(1−δ)z
z
1 − 1 − z1
1 − z1
− 1 − z1
∆
ξ :=
=
(1−δ)z = 1 +
(1−δ)z
E[Yτ ]
1 − 1 − z1
1 − 1 − z1
δz

(1−δ)z
1 − 1 − z1
1
=1+ 1−
(1−δ)z .
z
1 − 1 − z1
Since (1 − 1/z)/e ≤ (1 − 1/z)z ≤ 1/e [MR95], (1 − 1/z)(1−δ)z ≥ ((1 − 1/z)/e)1−δ ≥ (1 − 1/z)/e. This
implies that


1
1 1 − exp(−δ)

ξ ≥1+
1−
e
z 1 − 1 − z1 1e
1 1 1
≥1+ · ·
·(1 − exp(−δ)) ,
2 e 1/2
since (1 − 1/x)x ≤ 1/e (for x ≥ 1) [MR95] and z ≥ 10. Observe that exp(−δ) ≤ 1 − δ + δ 2 /2, using the
Taylor expansion of e−δ , for δ > 0. Therefore
ξ ≥1+


1
δ
δ − δ 2 /2 ≥ 1 + .
e
6

Deploying Chernoff inequality, we have that if depth(τ, S) = (1 − δ)z then
β = Pr[Yτ > ∆] ≤ Pr[Yτ > ξ E[Yτ ] ] ≤ Pr[Yτ > (1 + δ/6) E[Yτ ] ]


 2


N δ2
δ dc3 δ −2 log ne
2
≤ exp − E[Yτ ] (δ/6) /4 ≤ exp −
≤ exp −
≤ n−c3 /432
3 · 36 · 4
432
by Eq. (2.1) (a) and Eq. (.1).

Appendix B: Proof of Lemma 5.3
P
Proof: Recall that Yτ = N
i=1 Xi . Again, we can assume that depth(τ, S) = z/(1 + δ). We want to
bound the probability that this “light” range would be considered to be “heavy” (i.e., Yr > N ρ(z)). We
have that

z/(1+δ) !



1
2z/(1 + δ)
2
≤ N 1 − exp −
≤N
,
(.2)
E[Yτ ] = N 1 − 1 −
z
z
1+δ
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since 1 − 1/z ≥ exp(−2/z) and 1 − x ≤ exp(−x), for 0 ≤ x ≤ 1/2. By similar reasoning,



z/(1 + δ)
N
≥
.
E[Yτ ] ≥ N 1 − exp −
z
2(1 + δ)
Observe that

(.3)



z 
1
1
lim ρ(z) = lim 1 − 1 −
=1− .
z→∞
n→∞
z
e

Thus ρ(z) > 1/2 since z is sufficiently large (we remind the reader that we assumed that z ≥ 10 for the
sake of simplicity of exposition). Thus


1+δ
ζ = Pr[Yτ > N ρ(z)] ≤ Pr[Yτ > N/2] ≤ Pr Yτ >
E[Yτ ]
4




δ
≤ Pr Yτ > 1 +
E[Yτ ]
5
by Eq. (.2) and since δ is sufficiently large. Observe that since δ ≥ c5 , we have that
eδ/5
1
≤ .
(1+δ/5)/3
(1 + δ/5)
e
Now, by the Chernoff inequality, we have
eδ/5
ζ<
(1 + δ/5)1+δ/5


E[Yτ ]

≤ (1 + δ/5)−(1+δ/5)/2

E[Yτ ]

,

since δ ≥ c5 . Observe that
(1 + δ/5) E[Yτ ]
(1 + δ/5)
1
≥
N ≥ N,
2
4(1 + δ)
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by Eq. (.3). As ln(1 + δ/5) ≥ (ln δ)/2, we have
ζ ≤ (1 + δ/5)

−N/20



N
1
≤ exp − ln δ < Ω(1) ,
40
n

for c6 sufficiently large, since N = dc6 (log n)/ ln δe.
The other direction is slightly more challenging. Assume that depth(τ, S) = z(1 + δ), and let
Zτ = N − Yτ . Observe that if z/(1 + δ) ≤ 1, then any answer returned by the algorithm would be
valid in this case (here we are trying to bound the case that a heavy range is reported as being “light”).
Therefore, we assume that z ≥ 1 + δ. Observe that

z(1+δ)
1
≤ N exp(−(1 + δ)).
E[Zτ ] = N 1 −
z
(Specifically, E[Zτ ] ≤ N/106 since δ ≥ c5 , and thus E[Yτ ] is very close to N in this case.) Now, since z
is large enough, we have that ρ(z) < 1 − 1/10 as ρ(z) ≈ 1 − 1/e. Therefore






h
i
9
9
N
Pr Yτ < N ρ(z) ≤ Pr Yτ < N = Pr N − Zτ < N = Pr Zτ >
10
10
10
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E[Zτ ]
≤ Pr Zτ >
10 exp(−(1 + δ))
h
i
= Pr Zτ > (1 + ξ) E[Zτ ] ,
where ξ := (1/10) exp(1 + δ) − 1 > 108 . The variable Zτ can be interpreted as the sum of N independent
0/1 variables (i.e., its the complement of the variables forming Yτ ). By applying the Chernoff inequality
to Zτ , we obtain
h
i 
% := Pr[Yτ < N ρ(z)] ≤ Pr Zτ > (1 + ξ) E[Zτ ] ≤

eξ
(1 + ξ)(1+ξ)

E[Zτ ]
.

Now, since (1 − 1/z)z ≥ (1/e)(1 − 1/z) ≥ exp(−1 − 2/z) ≥ exp(−(1 + 2/δ)), since z ≥ 1 + δ ≥ δ. As
such,

z(1+δ)
1
≥ N exp(−(1 + δ)(1 + 2/δ))
E[Zτ ] = N 1 −
z
N
N
≥
≥
,
exp(1 + δ + 2/δ + 2)
c7 ξ
where c7 = 20e3 . Thus, as ln(1 + ξ) = ln(1/10) + 1 + δ ≥ ln δ, we have



N ln(1 + ξ)
−(1+ξ)/2 E[Zτ ]
−(1+ξ)N/c7 ξ
% ≤ (1 + ξ)
≤ (1 + ξ)
≤ exp −
c7


N
1
≤ exp − ln δ < Ω(1) ,
c7
n
since N = dc6 (log n)/ ln δe and c6 sufficiently large.
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