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Abstract

In this write-up, we present a proof of one version of Chernoff’s inequality. Our proof combines
ideas from the existing standard proof, and Azuma’s inequality proof, to provide a more intuitive
understanding of why the inequality holds. Hopefully, this presentation is useful for people that
encounter this inequality for the first time. For more details on Chernoff’s inequality, see [MR95,
AS00, Har11].

1. Chernoff games
The game. Consider the game where a player starts with Y0 = 1 dollars. At every round, the player
can bet a certain amount x (fractions are fine). With probability half she loses her bet, and with
probability half she gains an amount equal to her bet. The player is not allowed to go all in – because
if she looses then the game is over. So it is natural to ask what her optimal betting strategy is, such
that in the end of the game she has as much money as possible.

Is the game pointless? So, let Yi−1 be the money the player has in the end of the (i − 1)th round,
and she bets an amount ψi ≤ Yi−1 in the ith round. As such, in the end of the ith round, she has

Yi =

Yi−1 − ψi lose: probability half
Yi−1 + ψi win: probability half

dollars. This game, in expectation, does not change the amount of money the player has. Indeed, we
have

E
[
Yi

∣∣∣Yi−1
]

= 1
2

(Yi−1 − ψi) + 1
2

(Yi−1 + ψi) = Yi−1.

And as such, we have that E
[
Yi

]
= E

[
E
[
Yi

∣∣∣Yi−1
]]

= E
[
Yi−1

]
= · · · = E

[
Y0
]

= 1. In particular,
E[Yn] = 1 – namely, on average, independent of the player strategy she is not going to make any money
in this game (and she is allowed to change her bets after every round). Unless, she is lucky¬...

∗Department of Computer Science; University of Illinois; 201 N. Goodwin Avenue; Urbana, IL, 61801, USA;
sariel@illinois.edu; http://www.illinois.edu/~sariel/. Work on this paper was partially supported by a NSF
AF award CCF-0915984.

¬“I would rather have a general who was lucky than one who was good.” – Napoleon Bonaparte
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What about a lucky player? The player believes she will get lucky and wants to develop a strategy
to take advantage of it. Formally, she believes that she can win, say, at least (1 + δ)/2 fraction of her
bets (instead of the predicted 1/2) – for example, if the bets are in the stock market, she can improve
her chances by doing more research on the companies she is investing in. Unfortunately, the player
does not know which rounds she is going to be lucky in – so she still needs to be careful.

In a search of a good strategy. Of course, there are many safe strategies the player can use, from
not playing at all, to risking only a tiny fraction of her money at each round. In other words, our quest
here is to find the best strategy that extracts the maximum benefit for the player out of her inherent
luck.

Here, we restrict ourselves to a simple strategy – at every round, the player would bet β fraction
of her money, where β is a parameter to be determined. Specifically, in the end of the ith round, the
player would have

Yi =

(1 − β)Yi−1 lose
(1 + β)Yi−1 win.

By our assumption, the player is going to win in at least M = (1 + δ)n/2 rounds. Our purpose here is
to figure out what the value of β should be so that player gets as rich as possible.

Now, if the player is successful in ≥ M rounds, out of the n rounds of the game, then the amount of
money the player has, in the end of the game, is

Yn ≥ (1 − β)n−M(1 + β)M = (1 − β)n/2−(δ/2)n(1 + β)n/2+(δ/2)n =
(

(1 − β)(1 + β)
)n/2−(δ/2)n

(1 + β)δn

=
(

1 − β2
)n/2−(δ/2)n

(1 + β)δn ≥ exp
(
−2β2

)n/2−(δ/2)n
exp(β/2)δn = exp

((
−β2 + β2δ + βδ/2

)
n
)
.

To maximize this quantity, we choose β = δ/4 (there is a better choice, see Lemma 3.1, but we use

this value for the simplicity of exposition). Thus, we have that Yn ≥ exp
((

− δ2

16
+ δ3

16
+ δ2

8

)
n

)
≥

exp
(
δ2

16
n

)
, proving the following.

Lemma 1.1. Consider a Chernoff game with n rounds, starting with one dollar, where the player wins
in ≥ (1 + δ)n/2 of the rounds. If the player bets δ/4 fraction of her current money, at all rounds, then
in the end of the game the player would have at least exp(nδ2/16) dollars.

Remark 1.2. Note, that Lemma 1.1 holds if the player wins any ≥ (1 + δ)n/2 rounds. In particular, the
statement does not require randomness by itself – for our application, however, it is more natural and
interesting to think about the player wins as being randomly distributed.

2. Chernoff’s inequality
The above implies that if a player is lucky, then she is going to become filthy rich®. Intuitively, this
should be a pretty rare event – because if the player is rich, then (on average) many other people have
to be poor. We are thus ready for the kill.

“I am a great believer in luck, and I find the harder I work, the more I have of it.” – Thomas Jefferson.
®Not that there is anything wrong with that – many of my friends are filthy,
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Theorem 2.1 (Chernoff’s inequality). Let X1, . . . , Xn be n independent random variables, where
Xi = 0 or Xi = 1 with equal probability. Then, for any δ ∈ (0, 1/2), we have that

Pr
[∑

i

Xi ≥ (1 + δ)n
2

]
≤ exp

(
− δ2

16
n

)
.

Proof: Imagine that we are playing the Chernoff game above, with β = δ/4, starting with 1 dollar, and
let Yi be the amount of money in the end of the ith round. Here Xi = 1 indicates that the player won
the ith round. We have, by Lemma 1.1 and Markov’s inequality, that

Pr
[∑

i

Xi ≥ (1 + δ)n
2

]
≤ Pr

[
Yn ≥ exp

(
nδ2

16

)]
≤ E[Yn]

exp(nδ2/16)
= 1

exp(nδ2/16)
= exp

(
− δ2

16
n

)
,

as claimed.

This is crazy – so intuition maybe? If the player is (1 + δ)/2-lucky then she can make a lot of
money; specifically, at least f(δ) = exp(nδ2/16) dollars by the end of the game. Namely, beating the
odds has significant monetary value, and this value grows quickly with δ. Since we are in a “zero-sum”
game settings, this event should be very rare indeed. Under this interpretation, of course, the player
needs to know in advance the value of δ – so imagine that she guesses it somehow in advance, or she
plays the game in parallel with all the possible values of δ, and she settles on the instance that maximizes
her profit.

Can one do better? No, not really. Chernoff inequality is tight (this is a challenging homework
exercise) up to the constant in the exponent. The best bound I know for this version of the inequality
has 1/2 instead of 1/16 in the exponent. Note, however, that no real effort was taken to optimize the
constants – this is not the purpose of this write-up.

3. Some low level boring calculations
Above, we used the following well known facts.

(A) Markov’s inequality. For any positive random variableX and t > 0, we have Pr[X ≥ t] ≤ E[X] /t.
(B) For any two random variables X and Y , we have that E

[
X
]

= E
[
E
[
X
∣∣∣Y ]].

(C) For x ∈ (0, 1), 1 + x ≥ ex/2.
(D) For x ∈ (0, 1/2), 1 − x ≥ e−2x.

Lemma 3.1. The quantity exp((−β2 + β2δ + βδ/2)n) is maximal for β = δ
4(1−δ) .

Proof: We have to maximize f(β) = −β2 + β2δ+ βδ/2 by choosing the correct value of β (as a function
of δ, naturally). f ′(β) = −2β + 2βδ + δ/2 = 0 ⇐⇒ 2(δ − 1)β = −δ/2 ⇐⇒ β = δ

4(1−δ) .
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