
Chapter 5

Approximating Minimum-Width Annuli
and Shells

5.1 Introduction

Let S be a set of n points in IRd. The roundness of S can be measured by approximating S with a
sphere Γ so that the maximum distance between a point of S and Γ is minimized, i.e., by computing

min
c∈IRd,r∈IR

max
p∈S
|d(p, c)− r|. (5.1)

For c ∈ IRd and for r, R ∈ IR with 0 ≤ r ≤ R, we define the spherical shell (shell, for short, and, in
the plane, annulus) A(c, r, R) to be the closed region lying between the two concentric spheres of radii
r and R centered at c; see Figure 5.1. The width of A(c, r, R) is R − r. The problem of measuring the
roundness of S is equivalent to computing a shell, A∗(S), of the smallest width that contains S. (This
width is twice the minimum computed in Eq. (5.1).)

The main motivation for computing a minimum-width shell or annulus comes from metrology. For
example, the circularity of a two-dimensional object O in the plane is measured by sampling a set S of
points on the surface of O (e.g. using coordinate measurement machines) and computing the width of the
thinnest shell containing S [Fos82]. Motivated by this and other applications, the problem of computing
A∗(S) in the plane has been studied extensively [AAS97, AS96, AST94, AGSS89, EFNN89, EGS86,
LL91, MSY97, PS85, Riv79, RLW91, RZ92, SY95, SJ95, YC97]. Ebara et al. [EFNN89] observed that
in the planar case the center of A∗(S) is a vertex of the overlay of the nearest- and the farthest-neighbor
Voronoi diagrams of S. The observation was later refined and extended in [GLRS98, SJ95]. These obser-
vations immediately lead to an O(n2)-time algorithm for computing A∗(S) in the plane. Subquadratic
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Figure 5.1: The Annulus A∗(S).
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algorithms were later developed in [AAS97, AS96, AST94]. The asymptotically fastest known random-
ized algorithm, by Agarwal and Sharir [AS96], computes A∗(S) in expected time O(n3/2+ε). Since the
subquadratic algorithms are rather complicated, simpler and faster algorithms have been developed
for various special cases [BBB+98, DGR97, LL91, SLW95]. Mehlhorn et al. [MSY97] and Kumar and
Sivakumar [KS99] have studied this problem under the probing model in which the set S of sample
points is chosen adaptively; see the original papers for details.

Very little is known about computing A∗(S) efficiently in higher dimensions. Extending the observa-
tion by Ebara et al. [EFNN89] to IR3, it can be shown that the center of A∗(S) is the intersection point
of an edge of the nearest-neighbor Voronoi diagram of S with a face of the farthest-neighbor Voronoi di-
agram of S, or vice versa. Using this observation, A∗(S) can be computed in O(n3 log n) time [DGR97].
This idea can also be extended to higher dimensions.

Given a parameter ε > 0, we present a simple O
(

n
εd
log
(

∆
ω∗(S)ε

))
-time algorithm for computing a

shell or annulus that contains S and whose width is at most (1 + ε)ω∗, where ω∗ is the width of A∗(S)
(see Section 5.3). If the middle radius (i.e., average of the inner and outer radii) of A∗(S) is at most
U ·diam(S), then the running time of the algorithm is O(n/εd logU). In most of the practical situations,
U is a constant. For example, in the planar case, if the input points span an angle of at least θ with
respect to the center of A∗(S), U = O(1/θ). We observe that, in the plane, the minimum-area annulus
containing S approximates A∗(S) well and that the former can be computed in linear time using linear
programming. We extend this observation to higher dimensions.

For the planar case, given a parameter ε > 0, we can compute an annulus that contains S whose
width is at most (1 + ε)ω∗, where ω∗ is the width of A∗(S) (Section 5.3.1). The algorithm runs in
O(n log n+ n/ε2) time.

Underlining our new approximation algorithm, is the observation that middle radius rmid(p) of the
minimum-width shell or annulus that is centered at a point p regarded as a function of the center, is a
distance function. The notion of a distance function was introduced in Section 4.2, in connection with
shortest-path maps. It is interesting that this notion also arises naturally for this completely different
problem.

5.2 Geometric Preliminaries

Let S be a set of n points in IRd. For a point p ∈ IRd, let r(p) (resp. R(p)) denote the distance between
p and its nearest (resp. farthest) neighbor in S. A(p, r(p), R(p)) is the shell of smallest width that is
centered at p and contains S, which we denote by A(p). (In what follows, unless we consider the problem
specifically in the plane, we will use the term “shell” to refer to a spherical shell in dimension higher
than two and to an annulus in two dimensions.) Set ω(p) = R(p)− r(p) and rmid(p) = (R(p) + r(p))/2.
We put ω∗ = ω∗(S) = infp∈IRd ω(p) and denote by A∗ = A∗(S) a shell of width ω∗ containing S. Note
that the ω∗ may not be attained by any shell with a finite center, in which case A∗(S) is a slab enclosed
between two parallel hyperplanes, and ω∗(S) is then the standard width of S. See Figure 5.2 for an
illustration of this case. The following lemma states two simple but useful properties of rmid(p); the
second property states that rmid(·) is a distance function, in the sense defined in Section 4.2.

Lemma 5.2.1 Let S be a set of points in IRd. For any p, q ∈ IRd, we have the following:

(i) rmid(p) ≥ R(p)/2 ≥ diam(S)/4.

(ii) |rmid(p)− rmid(q)| ≤ d(p, q) ≤ rmid(p) + rmid(q).
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Figure 5.2: The minimum-width annulus is realized by a center at infinity

Proof: (i) is trivial to prove. To show (ii), use the inequalities r(p) ≤ d(p, q)+r(q), R(p) ≤ d(p, q)+R(q),
d(p, q) ≤ r(p) +R(q), whose proofs are straightforward.

Let VorN(S) (resp. VorF (S)) denote the nearest-neighbor (resp. farthest-neighbor)
Voronoi diagram of S. For d = 2, let VorN(S, `) denote the nearest-neighbor Voronoi diagram of S
restricted to a line `. That is, VorN(S, `) is the partition of ` into maximal intervals so that for each
interval I the same point of S is closest to all points in I. The vertices of VorN(S, `) are the intersection
points of ` with the edges of VorN(S). We can obviously compute VorN(S, `) in O(n log n) time by first
computing the entire VorN(S) and then intersecting ` with the diagram. However, VorN(S, `) can be
computed directly, in O(n log n) time, using a considerably simpler algorithm; see e.g. [MMP87]. We
define VorF (S, `) analogously; it can also be computed directly in O(n log n) time.

5.3 A (1 + ε)-Approximation Algorithm in Any Dimension

Let S be a set of n points in IRd. Set ∆ = diam(S). We will first describe an approximation algorithm for
computing the thinnest shellA(p) containing S with the constraint that rmid(p) = (r(p)+R(p))/2 ≤ U ·∆
for some given parameter U ∈ IR. Let A∗(S, U) denote this constrained minimum-width shell, and
let ω∗(S, U) denote the width of A∗(S, U). Computing A∗(S, U) can be formulated as the following
optimization problem in the variables (x1, x2, . . . , xd, r, R): Find

min R− r

r ≤
(

d∑

i=1

(xi − pi)2
)1/2

≤ R ∀p = (p1, . . . , pd) ∈ S

r +R ≤ 2U∆.

Let C be a d-dimensional hyper-rectangle of the form
∏d

i=1[αi, βi]. We define another constrained
shell E(S,C) (which becomes, when d = 2, the minimum-area annulus containing S with center con-
strained to lie in C), in the same variables, as follows:

minR2 − r2

r ≤
(

d∑

i=1

(xi − pi)2
)1/2

≤ R ∀p = (p1, . . . , pd) ∈ S

αi ≤ xi ≤ βi 1 ≤ i ≤ d.

If we substitute Σ for R2−∑d
i=1 x

2
i and σ for r2−∑d

i=1 x
2
i , then Σ−σ = R2− r2, and we can restate
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the optimization problem defining E(S,C) as:

min Σ− σ

σ ≤ −
d∑

i=1

2pixi +
d∑

i=1

p2i ≤ Σ ∀p = (p1, . . . , pd) ∈ S

αi ≤ xi ≤ βi 1 ≤ i ≤ d.

This is, however, an instance of linear programming with d + 2 variables, and can be solved in O(n)
time [DM97, MSW96], assuming d to be a fixed constant. Let ω̂(S,C) denote the width of E(S,C).

We now describe our approximation algorithm. Let C(p, s) be the d-dimensional axis-parallel cube
of side length s and centered at p. The approximation algorithm is depicted in Figure 5.3.

Algorithm Approx Shell( S, U , ε )
Input: S - a set of points in IRd,

U - a constant
ε - approximation factor

Output: An annulus of width at most (1 + ε)ω∗(S, U)
begin

A0 ← E(S, IRd)
if ω̂(S, IRd) = 0 then

return A0.
Pick a point o ∈ S
Set C = C(o, (2U + 2)∆).
Partition C into a collection C = {C1, . . . , Ck} of axis-parallel cubes

so that, for all points p, q inside the same cube Ci,
rmid(p) ≤ (1 + ε)rmid(q). (An efficient method of doing this is given below.)

for each Ci ∈ C do

Ai = E(S,Ci).
end for

return thinnest shell among A1, . . . , Ak.
end Approx Shell

Figure 5.3: Algorithm for computing ε-approximation of ω∗(S, U).

Lemma 5.3.1 Approx Shell(S, U , ε) returns a shell whose width is at most (1 + ε)ω∗(S, U).

Proof: If ω̂(S, IRd) = 0, then the lemma is obvious. Otherwise, let p be the center of A∗(S, U). Since
rmid(o) ≤ R(o) ≤ ∆ and rmid(p) ≤ U∆, we have, by Lemma 5.2.1(ii), that p ∈ C. Let Ci be the cube
containing p. Let q ∈ Ci be the center of E(S,Ci). Then

R2(q)− r2(q) ≤ R2(p)− r2(p), or

rmid(q)ω(q) ≤ rmid(p)ω(p).

Equivalently,

ω(q) ≤ rmid(p)

rmid(q)
ω(p) ≤ (1 + ε)ω∗(S, U).
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We now describe how to partition C into the collection C. A similar construction is described in
Section 4.2.

Lemma 5.3.2 Let U, ε be two positive numbers. Then C = C(o, (2U + 2)∆) can be partitioned into a
set C of O((1/ε)d logU) cubes so that in each cube C of the partition, rmid(p) ≤ (1 + ε)rmid(q) for all
p, q ∈ C. This tiling can be computed in O(n+ (1/ε)d logU) time.

Figure 5.4: Tiling of C.

Proof: Let ∆′ be a real number such that ∆/2 ≤ ∆′ ≤ ∆. (See [EK89] for a simple O(n) algorithm
for approximating the diameter to within a factor of

√
3 in any dimension. Alternatively, fix any p ∈ S

and take ∆′ = R(p) ≥ ∆/2, by Lemma 5.2.1(i). See also Lemma 2.5.2 and Lemma 2.5.3)
Set m = dlog2(U + 1)e. For i = 1, . . . ,m, we define

B0 = C(o, 4∆′), Bi = C(o, 2i+2∆′) \ C(o, 2i+1∆′).

We can tile B0 by O(1/εd) axis-parallel cubes having side length r0 = ∆′ε/(4
√
d). Let C be a cube

in this tilling. For p, q ∈ C, we have, by Lemma 5.2.1,

rmid(p) ≤ rmid(q) + d(p, q) ≤ rmid(q) + ε∆′/4

≤ (1 + ε)rmid(q),

since rmid(q) ≥ ∆/4 ≥ ∆′/4.
Let ri = 2i∆′ε/

√
d, for i = 1, . . . ,m. Bi can be tiled by

O

((
2i+2∆′

ri

)d
)

= O

((
2i+2∆′

2i∆′ε/
√
d

)d
)

= O

(
1

εd

)

axis-parallel cubes with side length ri, for i = 1, . . . ,m.
Let C be a cube in this tiling of Bi, and let p, q be two points in C. Using Lemma 5.2.1 and the fact

that rmid(o) ≤ ∆ ≤ 2∆′, we have

rmid(q) ≥ d(q, o)− rmid(o) ≥ 2i+1∆′ − 2∆′ ≥ 2i∆′.

We also have

rmid(p) ≤ rmid(q) + d(q, p) ≤ rmid(q) +
√
dri

= rmid(q) + 2i∆′ε ≤ rmid(q)(1 + ε).

See Figure 5.4 for an illustration of the resulting tiling. This completes the proof of the lemma, since
Bm contains C and the total number of cubes is O((1/εd) logU). (The bound on the running time of
this construction is trivial.)
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Theorem 5.3.3 Let S be a set of n points in IRd, ε > 0, and U > 0. One can compute, either in
O((n/εd) logU) or in O

((
n log n
εd−2 + n

εd−1

)
logU

)
time, a shell A ⊃ S whose width is at most (1+ε)ω∗(S, U).

Proof: The first bound is a consequence of the preceding discussion. The second bound follows by
observing that the execution of the algorithm of Approx Shell can be interpreted as follows: We
compute a sequence of cubes C1, . . . , Cm, where m = O(logU). Each such cube (more precisely, the
portion of each such cube that lies outside the preceding ones) is decomposed into O(1/εd) subcubes
using an appropriate uniform grid. For each subcube C, we obtain E(S,C) as a solution of an appropriate
linear programming problem.

Let Ci be such a cube, and let V = {C1, . . . , Cµ} be the resulting decomposition of (the appropriate
portion of) Ci into subcubes. The linear programming instances on each Cj are almost identical except
for the 2d inequalities restricting the solution to lie inside Cj. This implies that, with the possible
exception of one subcube, the solutions to all those linear programming instances must lie on the
boundaries of the respective cubes Ci, . . . , Cµ. Moreover, the solution of the at most one instance of the
linear programming that does lie inside its cube, can be computed directly, by solving a single linear-
programming instance, without restricting the location of the solution to any subcube (i.e. by dropping
the inequalities αi ≤ xi ≤ βi).

In particular, we conclude that we can reduce the d-dimensional problem to a collection of (d− 1)-
dimensional problems, as follows:

• Solve the unrestricted version of the linear programming (i.e., compute the global “minimum area”
shell).

• For each axis-parallel (d − 1)-dimensional hyperplane H of the grid defining the decomposition
V , find recursively a (1 + ε)-approximate shell containing S whose center is constrained to lie on
H ∩ Ci. There are O(d/ε) such hyperplanes.

• Return the shell of minimum width among all those generated by the algorithm.

The recursion bottoms out at d = 2, where we proceed as follows. Let H be our two-dimensional
plane. We can compute in O(n log n) time the maps induced on H by the d-dimensional nearest- and
furthest-neighbor Voronoi diagrams of S (those maps are called power diagrams [Aur91], they have linear
complexity, and they can be computed in O(n log n) time). Our target is to approximate the minimum
difference between the distances to the farthest and nearest neighbors of points on H (this is the width
of the minimum-width shell whose center is restricted to lie on H). We note that we can compute this
minimum along a line ` in O(n) time, by performing a walk through the overlay of those two diagrams
along `. We do this along each line of the grid, and also solve the global linear-programming instance
where the center of the shell is restricted to lie on H. Thus, we can solve a two-dimensional instance in
O(n log n+ n/ε) time.

Overall, the running time of the recursive algorithm for the subcubes of Ci is
O((n/εd−2) log n + n/εd−1) time. Thus, solving all the linear programming instances for C1, . . . , Cm
requires

O

((
n log n

εd−2
+

n

εd−1

)
logU

)

time.
Even though Theorem 5.3.3 is not satisfying from a strict theoretical point of view, for all practical

purposes the assumptions in the theorem are reasonable. For example, in the plane, if the points in S
span an angle of at least θ ∈ [0, π/2] with respect to the center c of A∗(S), then rmid(c) = O(∆/θ). In
this case we can compute an annulus of width at most (1 + ε)ω∗(S) containing S in time O( n

ε2
log 1

θ
).
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Remark 5.3.4 For d = 2 the algorithm of Theorem 5.3.3 can be further simplified and improved,
by noting that in this case the power diagrams are (regular) nearest- and furthest-neighbor Voronoi
diagrams, and that they need to be computed only once. The running time of the resulting algorithm
is thus O

(
n log n+ n

ε
logU

)
.

Remark 5.3.5 If n� exp(1/ε2) then the first bound of Theorem 5.3.3 is better than the second bound.
Such values of n are realistic only when ε is very coarse. This remark should be taken into account also
for the following algorithms.

We next modify the algorithm Approx Shell so that it produces in all cases a shell containing S
of width ≤ (1 + ε)ω∗(S).

Lemma 5.3.6 For U > 6 we have

ω∗(S, U) ≤ ω∗(S) +
8 · diam(S)

U
.

�
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Figure 5.5: Construction for the proof of Lemma 5.3.6.

Proof: Let A∗ be a minimum-width shell containing S, with center p and width ω∗ = ω∗(S). Put
∆ = diam(S). If ω∗(S, U) 6= ω∗(S) then rmid(p) > U∆, so assume this is the case.

Let V be a circular cone centered at p, containing S, and having the smallest opening angle. Let
V = V ∩ A∗. Since rmid(p) > 6∆, V spans less than a halfspace. Let ν be the ray which is the axis
of symmetry of V . Refer to Figure 5.5. Let b and c be the points where ν meets the inner and outer
spheres of A∗, respectively. Let u be a point on the segment pb at distance r = U∆/2 from b. LetW be
the smallest cone centered at u, with axis of symmetry along ν and containing V . Consider the portion
of W lying on the same side as p and u of the hyperplane through c and orthogonal to ν, and let R
denote the maximum distance from u to a point in this portion. The shell A′ centered at u with radii r
and R, encloses V and thus also covers S. We now estimate ω(u) by upper bounding the width of A′.

Let q be the point on V at distance R from u, as pictured. We have ω(u) ≤ ω∗ + d(c, q). However,
d(u, a) =

√
r2 − l2 and

d(a, b) = r −
√
r2 − l2 = l2

r +
√
r2 − l2

≤ l2

r
.
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By similarity, we have d(c, q) = d(a, b)
r + ω∗

d(u, a)
.

Note that ω∗ < ∆ < r and that l ≤ ∆ = 2r/U ≤ r/3. To see the latter inequality, project S,
centrally towards u, on the sphere σ of radius r about u. The image Ŝ of S falls inside the cap σ ∩W ,
which is a smallest cap on σ enclosing Ŝ. Since the projection does not increase the distances between
points, the diameter of Ŝ is at most ∆, which is easily seen to imply that l ≤ ∆. This implies that

d(u, a) =
√
r2 − l2 ≥ r

√
1− 1

9
≥ r/2. Hence, we have

d(c, q) ≤ l2

r
· 2r
r/2

=
4l2

r
.

Putting things together,

d(b, q) ≤ ω∗ + d(c, q) ≤ ω∗ +
4l2

r
≤ ω∗ +

4∆2

r

≤ ω∗ +
4∆2

U∆/2
= ω∗ +

8∆

U
.

Note that

rmid(u) ≤ r + d(b, q)− ω∗

2
≤ r +

ω∗

2
+

8∆

U
<

3r

2
+

8∆

U

= ∆

(
3U

4
+

8

U

)
< U ·∆.

Hence ω∗(S, U) ≤ w(u) ≤ ω∗ + 8∆
U
, as asserted.

Corollary 5.3.7 Let ε > 0, U > 6 be two positive constants. One can compute, in O
((
(n/εd−2) log n+ n/εd−1

)
logU

)

or O(n/εd logU) time, a shell of width at most (1+ε/4)[ω∗(S)+ 8∆
U
] that contains S, where ∆ = diam(S).

Finally, we describe the general approximation algorithm. Let Approx Diam(S) be the procedure
that computes in linear time a

√
3-approximation ∆0 of ∆(S) = diam(S) [EK89]. The algorithm

Approx Shell 2 is depicted in Figure 5.6.

Theorem 5.3.8 Given a set S of n points in IRd and a parameter 0 < ε < 1, Approx Shell 2
computes a shell of width at most (1 + ε)ω∗(S). With an appropriate optimization of the calls to

Approx Shell, the running time is O
(

n
εd
log( ∆

ω∗(S)ε)
)
or O

((
n log n
εd−2 + n

εd−1

)
log( ∆

ω∗(S)ε)
)
.

Proof: Suppose the while loop is executed m times. Let ωi, Ui be the values of ω and U computed in
the i-th iteration of the loop. Then, putting ω∗ = ω∗(S),

ωm ≤ (1 + ε/8)ω∗ + (1 + ε/8)
8∆

Um

≤ (1 + ε/8)ω∗ + (1 + ε/8)
8∆

50
√
3∆0/(ωm−1ε)

≤ (1 + ε/8)ω∗ + (1 + ε/8)
4εωm−1

25

≤ (1 + ε/8)ω∗ +
9εωm

25
,
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Algorithm Approx Shell 2(S, ε)
Input: S - a set of points in IRd,

ε - approximation factor
Output: An annulus containing S of width at most (1 + ε)ω∗(S)

begin

ω = ∆0 ← Approx Diam( S )
ωold =∞
while ω < ωold/2 do

U =
50
√
3∆0

ε
· 1
ω

A ← Approx Shell(S, U , ε/8)
ωold ← ω
ω ← ω(A)

end while

return A
end Approx Shell 2

Figure 5.6: Algorithm for computing ε-approximation of ω∗(S)

by Lemma 5.3.6, and since wm ≥ wm−1/2. Thus,

ωm ≤
1 + ε/8

1− 9ε/25
ω∗ ≤ (1 + ε)ω∗.

Note that for all i < m we have ωi <
∆0

√
3

2i
. Hence, ω∗ ≤ ωm−1 ≤ ∆0

√
3

2m−1 , implying that m = O(log ∆
ω∗ )

and Um = O(∆/(ω∗ε)).
Note that the i-th call to Approx Shell (executed, say, by the first algorithm of Theorem 5.3.3)

constructs a tiling of Ci = C(o, (2Ui + 2)∆), and computes E(S,C) for each cube C in this tiling. By
modifying the algorithm so that it computes E(S,C) only for the new cubes C in the tiling (that is,
ignoring cubes that are covered by cubes produced in earlier iterations), it follows that the running time

of the i-th iteration can be improved to O
(

n
εd

(
1 + log Ui

Ui−1

))
, for i = 2, . . . ,m. Overall, the running

time of the algorithm is thus

O

(
n

εd
logU1 +

m∑

i=2

n

εd

(
1 + log

Ui

Ui−1

))

= O
( n
εd

(m+ logUm)
)
= O

(
n

εd
log

∆

ω∗ε

)
.

The other time bound follows if we execute Approx Shell using the second algorithm of Theo-
rem 5.3.3.

Remark 5.3.9 Note that the exponential search performed by Approx Shell 2, for the “true” width
is not necessary in the planar case: Simply put U = 8∆

εω
, where ω is the 2-approximate width provided

by [AAHS00], and apply Corollary 5.3.7. Somewhat surprisingly, this does not improve the running
time of Approx Shell 2.
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Figure 5.7: Proof of correctness of Approx Shell Planar

Nevertheless, one can ε-approximate the minimum-width annulus in the planar case, in strongly
polynomial time O(n log n + n/ε2) (which does not depend on ∆ and ω∗), by combining the algorithm
of [AAHS00] with Approx Shell 2. This is done in the following subsection.

5.3.1 A Strongly Polynomial ε-Approximation Algorithm for the Minimum-
Width Annulus in the Plane

In this subsection, we present a strongly polynomial ε-approximation algorithm for the planar minimum-
width annulus problem. The algorithm exploits the approximation techniques developed in the previous
subsection, and uses also a simple O(n log n) algorithm for approximating the minimum-width annulus
by a factor of 2. Roughly speaking the algorithms computes a diameter pq of S and finds the minimum-
width annulus whose center is constrained to lie on the perpendicular bisector of pq. This algorithm is
presented and analyzed in [AAHS00].1

Algorithm Planar Approx Shell

1. Run the O(n log n)-time factor 2-approximation algorithm of [AAHS00]. Let A′ be the resulting
annulus. If the width w′ of A′ is 0 then return A′.

2. Compute the nearest- and farthest-neighbor Voronoi diagrams VorF (S),VorN(S), in O(n log n)
time.

3. Compute, in O(n log n + (n/ε) logU) time, an annulus A′′ of width ≤ (1 + ε)w∗(S, U), using the
algorithm of Remark 5.3.4, with U = 10000/ε. (Either A′′ is the required ε-approximation, or
rmid(A∗(S)) > U∆(S).)

4. Compute, in O(n log n) time, a pair of points p, q ∈ S that realize the diameter of S. We assume
without loss of generality that p = (−1, 0), q = (1, 0). Let δ = εw′/20, Let Pp = P (p, δ, ε),
Pq = P (q, δ, ε), where

P (z, δ, ε) =
{
z + (0, δ)i

∣∣∣ i = −d20/εe, . . . , d20/εe
}
.

See Figure 5.7.

1Even though I am a coauthor of this paper, I omitted this algorithm from the thesis, since I did not contribute to this
specific algorithm.
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5. For each pair u ∈ Pp, v ∈ Pq compute the minimum-width annulus whose center lies on the
perpendicular bisector of uv. Using the precomputed VorF (S) and VorN(S), this takes O(n) time
per pair, as in the algorithm of Theorem 5.3.3.

6. Output the minimum width annulus among those computed.

Theorem 5.3.10 The width of the annulus output by Planar Approx Shell is at most (1+ε)ω∗(S),
and the running time of the algorithm is O(n log n+ n/ε2).

Proof: If rmid(A∗(S)) ≤ U∆(S), the correctness is a consequence of the previous algorithm, so assume
that rmid(A∗(S)) > U∆(S). Let C∗ be the middle circle of A∗(S), and let c∗, r∗ denote the center and
the radius of C∗, respectively. Let Ip and Iq denote the segments spanned by the points of Pp and of
Pq, respectively.

It is clear that C∗ crosses both Ip and Iq, at two respective points u, v. Let u1 (resp. v1) denote the
point of Pp (resp. of Pq) that lies immediately below u (resp. v). We first translate C∗ downwards, till
it first hits either u1 or v1. Suppose, without loss of generality, that it first hits v1. Let C denote the
translated circle. Clearly, the center c of C lies vertically below c∗ at distance less than δ. In particular,
for any s ∈ S we have |d(c, s)−d(c∗, s)| ≤ d(c, c∗) < δ. Put D(C, S) = maxs∈S d(C, s) and ω = 2D(C, S),
and observe that

ω < 2(D(C∗, S) + δ) = ω∗ + 2δ ≤ (1 + ε/5)ω∗.

Next, shrink C by moving its center from c towards v1 and by keeping v1 on the circle, until it also
passes through u1. Let C

′ denote the new circle and let c′ denote its center. See Figure 5.7.
The distance from c to points on C ′ decreases monotonically as we traverse C ′ from v1 counterclock-

wise till we reach the point on C ′ antipodal to v1. Let s be any point of S. The ray ρ from c towards
s crosses C at a point w and C ′ at a point w′. We have d(w′, s) ≤ d(w, s) + d(w,w′) ≤ ω/2 + d(w,w′).
It easily follows from the preceding discussion that d(w,w′) attains its maximum when w′ is near u1,
and this maximum is smaller than 2δ (the later statement is easy to verify, using the fact that the line
through w and w′ is almost vertical). This implies that

ω(c′) ≤ 2D(C ′, S) ≤ ω + 2δ ≤ (1 + 2ε/5)ω∗ ≤ (1 + ε)ω∗.

Since c′ lies on the perpendicular bisector of u1v1, it follows that the width of the annulus output by
the algorithm is at most ω(c′) < (1 + ε)ω∗, as asserted. The bound on the running time is obvious: We
have O(1/ε2) bisectors to process, and the processing of each of them takes O(n) time, as noted in the
algorithm.


