
Chapter 8

Constructing Cuttings in Theory and
Practice

8.1 Introduction

A natural approach for solving various problems in computational geometry is the divide-and-conquer
paradigm. A typical application of this paradigm to problems involving a set Ŝ of n lines in the plane,
is to fix a parameter r > 0, and to partition the plane into regions R1, . . . , Rm (those regions are usually
vertical trapezoids, or triangles, but we will consider here also convex polygons with more edges), such
that the number of lines of Ŝ that intersect the interior of Ri is at most n/r, for any i = 1, . . . ,m. This
allows us to split the problem at hand into subproblems, each involving the subset of lines intersecting a
region Ri. Such a partition is called a (1/r)-cutting of the plane. See [Aga91a] for a survey of algorithms
that use cuttings. For further work related to cuttings, see [AM95].

The first (though not optimal) construction of cuttings is due to Clarkson [Cla87b]. Chazelle and
Friedman [CF90] showed the existence of (1/r)-cuttings with m = O(r2) (a bound that is worst-case
tight). They also showed that such cuttings, consisting of vertical trapezoids, can be computed in
randomized expected O(nr) time. An optimal deterministic algorithm for generating cuttings was given
by [Cha93]. Although those constructions are asymptotically optimal, they do not seem to produce a
practically small number of regions. Coming up with a really small number of regions (i.e., reducing the
constant of proportionality) is important for the efficiency of (recursive) data structures and algorithms
that use cuttings. Currently, the best lower bound on the number of vertical trapezoids in a (1/r)-
cutting in an arrangement of lines is 2.54(1− o(1))r2, and the optimal cutting has at most 8r2 + 6r+ 4
trapezoids; see [Mat98]. Improving the upper and lower bounds on the size of cuttings is still open,
indicating that our understanding of cuttings is still far from being fully satisfactory. In Section 8.3, we
outline Matoušek’s construction for achieving the upper bound and show a slightly improved construction
(see below for details).

In spite of the theoretical importance of cuttings (in the plane and in higher dimensions), we are not
aware of any implementation of efficient algorithms for constructing cuttings. In this chapter we propose
several variants of a new and simple randomized incremental algorithm for constructing cuttings, and
prove the expected worst-case tight performance bounds, as stated in the abstract, for the new algorithm
and for some of its variants. We also present empirical results on several algorithms/heuristics for
computing cuttings that we have implemented. They are mostly variants of our new algorithm, and
they all perform well in practice. As already stated, O(r2) bounds on the expected size of the cuttings for
some of those variants can be proved. For the other improved algorithms, no formal proof of performance
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is currently available, and we leave this as an open question for further research.

Matoušek [Mat98] gave an alternative construction for cuttings, showing that there exists a (1/r)-
cutting with at most (roughly) 8r2 vertical trapezoids. Unfortunately, this construction relies on comput-
ing the whole arrangement, and its computation thus takes O(n2) time. We present a new randomized
algorithm that is based on Matoušek’s construction; it generates a (1/r)-cutting of size ≤ (1 + ε)8r2, in
O
(
nr
ε
α(n) log n

)
expected time, where 0 < ε ≤ 1 is any prescribed constant.

A program with a GUI demonstrating the algorithms and heuristics presented in the chapter, is
available on the web in source form [Har98].

In Section 8.2, we present the main two variants of the new algorithm, and analyze their expected
running time and the expected number of trapezoids that they produce. Specifically, the expected
running time is O(nr) and the expected size of the output cutting is O(r2). We also analyze, in
Section 8.2.1, another variant of the algorithm that also has similar performance bounds. In Section 8.3
we present and analyze our variant of Matoušek’s construction. In Section 8.4 we present our empirical
results, comparing the new algorithms with several other algorithms/heuristics for constructing cuttings.
These algorithms are mostly also variants of our main algorithm, (except that we still do not have a
formal analysis of their performance bound), but they also include a variant of the older algorithm of
Chazelle and Friedman. The first batch of the implemented algorithms generate cuttings that consist of
vertical trapezoids. Our empirical results show that the cuttings generated by the new algorithm and
its variants have between 10r2 and 14r2 vertical trapezoids. (The algorithms generate smaller cuttings
when r is small. For example, for r = 2 the constant is about 9.) In contrast, the Chazelle-Friedman
algorithm generates cuttings of size roughly 70r2. Some variants of our algorithm are based on cuttings
by convex polygons with a small number of edges rather than by vertical trapezoids. These perform even
better in practice, and we have a proof of optimality for one of the methods, which can be interpreted
as an extension of our main algorithm (see Section 8.2.1). We conclude in Section 8.5 by mentioning a
few open problems.

8.2 Incremental Randomized Construction of

Cuttings

Given a set Ŝ of n lines in the plane, let A(Ŝ) denote the arrangement of Ŝ; namely, the partition of
the plane into faces, edges, and vertices as induced by the lines of Ŝ [Ede87]. Let AVD(Ŝ) denote the
partition of the plane into vertical trapezoids, obtained by erecting two vertical segments up and down
from each vertex of A(Ŝ), and extending each of them until it either reaches a line of Ŝ, or otherwise
all the way to infinity.

Computing the decomposed arrangementAVD(Ŝ) can be done as follows. Pick a random permutation
S = 〈s1, . . . , sn〉 of Ŝ. Put Si = 〈s1, . . . , si〉, for i = 1, . . . , n. We compute incrementally the decomposed
arrangements AVD(Si), for i = 1, . . . , n, so that the i-th step inserts the i-th line si of S into AVD(Si−1).
To do so, we compute the zone Zi of si in AVD(Si−1), which is the set of all trapezoids in AVD(Si−1)
that intersect si. We split each trapezoid of Zi into at most 4 trapezoids, such that no trapezoid
intersects si in its interior, as in [SA95]. Finally, we perform a pass over all the newly created trapezoids,
merging vertical trapezoids that are adjacent, and have identical top and bottom lines. The merging
step guarantees that the resulting decomposition is AVD(Si), independently of the insertion order of
elements in Si; see [BCKO08].

However, if we decide to skip the merging step, the resulting structure, denoted as A|(Si), depends on
the order in which the lines are inserted into the arrangement. In fact, A|(Si) is AVD(Si) with additional
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superfluous vertical walls. Each such vertical wall is a fragment of a vertical wall that was created at
an earlier stage and got split during a later insertion step.

Definition 8.2.1 Let Ŝ be a set of n lines in the plane, and let 0 < c < 1 be a constant. A c-cutting
of Ŝ is a partition of the plane into regions R1, . . . , Rm, such that, for each i = 1, . . . ,m, the number of
lines of Ŝ that intersect the interior of Ri is at most cn.

A region C in the plane is c-active if the number of lines of Ŝ that intersect the interior of C is
larger than cn.

A (1/r)-cutting is thus a partition of the plane into m regions such that none of them is (1/r)-active.
Chazelle and Friedman [CF90] showed that one can compute, in O(nr) randomized expected time, a
(1/r)-cutting that consists of O(r2) vertical trapezoids. Both bounds are asymptotically tight in the
worst case.

We propose a new algorithm for computing a cutting that follows an incremental construction of the
decomposed arrangements A|(Si) or AVD(Si), using a random insertion order S of the lines. The new
idea in the algorithm is that any “light” trapezoid (i.e., a trapezoid that is not (1/r)-active) constructed
by the algorithm is immediately added to the final cutting, and the algorithm does not maintain the
arrangement inside such a trapezoid from this point on. In this sense, one can think of the algorithm as
being greedy; that is, it adds a trapezoid to the cutting as soon as one is constructed, and proceeds in
this manner until the whole plane is covered by light trapezoids. The algorithm, called CutRandomInc,
is depicted in Figure 8.1.

The algorithm has two variants. One does not merge adjacent trapezoids (as in the construction of
A|(S)), while the other performs such mergings (as in the construction of AVD(S)).

If CutRandomInc outputs Ck, for some k < n, then Ck has no (1/r)-active trapezoids, and it is thus
a (1/r)-cutting (it is easy to see that each Ck is a cover of the whole plane). After the i-th line si is
inserted, it is guaranteed that no active trapezoid of Cj intersects si in its interior, for j ≥ i. This
remains true even if merging is done by CutRandomInc. In particular, Cn has no active region, and it
is thus a cutting. (This guarantees, by the way, that the while loop in the algorithm always terminates
properly.)

To appreciate the following proof of correctness and optimality of CutRandomInc, one has to ob-
serve that the covering Ci of the plane maintained by CutRandomInc depends heavily on the order in
which the lines are inserted into the arrangement. Indeed, the set of active trapezoids maintained by
CutRandomInc falls outside the classical frameworks of Clarkson and Shor [CS89], lazy randomized in-
cremental construction [BDS95], and epsilon nets [HW87]. See Figure 8.4, Figure 8.5, for situations that
illustrate the difference between these frameworks and ours. In order to analyze our algorithms, new
techniques need to be developed.

In the following, we denote by R a selection of Ŝ of length r ≤ n, i.e., an ordered sequence of r
distinct elements of Ŝ. By a slight abuse of notation, we also denote by R the unordered set of its
elements. We define the weight of a trapezoid to be the number of lines that cross its interior.

Definition 8.2.2 Let T = T (Ŝ) denote the set of all vertical trapezoids whose top and bottom edges
are contained in lines of Ŝ, and whose vertical sides are contained in lines that pass through vertices of

A(Ŝ).
For a selection R of Ŝ, let CT VD(R) denote the set of trapezoids of AVD(R). A trapezoid in CT VD(R)

is defined by at most 4 lines. For an integer 0 ≤ k ≤ n, let CT VD(R, k) denote the trapezoids of CT VD(R)
having weight at least k.
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Algorithm CutRandomInc(Ŝ, r, merge−flag)
Input: A set Ŝ of n lines, a positive integer r, and

a flag merge−flag that indicates whether merging is used or not

Output: A (1/r)-cutting of Ŝ by vertical trapezoids
begin

Choose a random permutation S = 〈s1, s2, . . . , sn〉 of Ŝ.
C0 ←

{
IR2
}
.

i← 0.
while there are (1/r)-active trapezoids in Ci do

i← i+ 1
Zonei ← The set of (1/r)-active trapezoids in Ci−1 that intersect si.
Zone′i ← ∪∆∈ZoneiSplitGeom(∆, si),

where SplitGeom(∆, s) is the operation of splitting a vertical
trapezoid ∆ crossed by a line s into at most four vertical
trapezoids, as in [BCKO08], such that the new trapezoids cover ∆,
and they do not intersect s in their interior.

if merge−flag then

Merge adjacent trapezoids in Zone′i that have the same top
and bottom lines (one of which is si).

end if

Ci ← (Ci−1 \ Zonei) ∪ Zone′i.
end while

return Ci
end CutRandomInc

Figure 8.1: Algorithm for constructing a (1/r)-cutting of an arrangement of lines

Definition 8.2.3 A vertical segment that serves as a left or right side of a trapezoid in T (Ŝ) is called
a splitter. The weight of a splitter is the number of lines of Ŝ that cross the relative interior of the
splitter. For a selection R of Ŝ, let CT SP(R) denote the set of splitters of the trapezoids of A|(R), and
let CT SP(R, k) denote the set of splitters in CT SP(R) of weight at least k, where 0 ≤ k ≤ n. In general,
a splitter in CT SP(R) is uniquely defined by (an ordered quadruple of) 4 lines: two define the vertex
of the arrangement through which the vertical line containing the splitter passes, and two define (pass
through) its top and bottom endpoints; see Figure 8.2 (i). There are also splitters that are adjacent to
the vertex that induces them (see Figure 8.2 (ii)); these are defined uniquely by (an ordered triple of) 3
lines.

In the following, S denotes the random permutation of Ŝ used by CutRandomInc.

Lemma 8.2.4 Let s be a splitter induced by {l1, l2, l3, l4} ⊆ Ŝ, so that l1 and l2 intersect at a vertex p, s
is contained in the vertical line l passing through p, and the endpoints of s are a = l3 ∩ l, b = l4 ∩ l, with
a nearer to p than b. Let Lw be the set of lines of Ŝ that intersect the relative interior of s, and let Lq

be the set of lines of Ŝ that intersect the relative interior of ap; see Figure 8.2 (i). Then the probability
of s to be created by CutRandomInc is

≤ 8

(w + 1)2(q + w + 3)2
,
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Figure 8.2: Splitters created by CutRandomInc

where w = |Lw|, q = |Lq|.
If one of the endpoints of the splitter is p, then the probability of s to be created is ≤ 6/(w + 1)3;

where w = |Lw|, and Lw is the set of lines crossing the relative interior of s; see Figure 8.2 (ii).

Proof: Let A denote the event that l1, l2 appear in S before all the lines of Lq ∪ Lw ∪ {l3}, and let B
denote the event that l3, l4 appear in S before all the lines of Lw.

The event A is a necessary and sufficient condition for pb (or a longer segment) to be created, when
merging is not used. The event B, conditioned on A, is a necessary and sufficient condition for the
vertices delimiting s to be created before s is being “killed”. Hence s is created by CutRandomInc

(without merging) if and only if A ∩B occurs for S. (If merging is used, only one implication holds: If
s is created then A ∩B occurs for S.)

To compute P (A ∩ B) it suffices to consider permutations of only the q + w + 4 lines in Lq ∪ Lw ∪
{l1, l2, l3, l4}. We distinguish between two cases:

(i) The first three lines in such a permutation are the lines l1, l2, l4, in any order in which l4 is not the
third line. This ensures the occurrence of A. We now choose the w+1 locations of the lines in Lw ∪{l3}
in the permutation, and place l3 at the first of the these locations, thus ensuring B. The number of such
permutations is

(6− 2)

(
q + w + 1

w + 1

)
w!q! = 4(q + w + 1)!/(w + 1).

(ii) The first two lines in the permutation are l1, l2 (in any order). Again, A is ensured. To ensure
B, we choose the w+ 2 locations of the lines in Lw ∪ {l3, l4}, and place l3, l4 as the first two of them (in
any order). The number of such permutations is

2!

(
q + w + 2

w + 2

)
2!w!q! =

4(q + w + 2)!

(w + 1)(w + 2)
.
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It is easily verified that these two cases exhaust all possibilities of A ∩B to arise. Hence,

P (A ∩B) =
4(q + w + 1)!

(w + 1)(q + w + 4)!
+

4(q + w + 2)!

(w + 1)(w + 2)(q + w + 4)!

≤ 4

(w + 1)(q + w + 2)(q + w + 3)2
+

4

(w + 1)2(q + w + 3)2

≤ 8

(w + 1)2(q + w + 3)2

The proof of the second part of the lemma follows by observing that ap is created iff l1, l2, l3 appear
in S before all the lines of Lw. The probability for this to happen is 3!w!/(w + 3)! ≤ 6/(w + 1)3.

Definition 8.2.5 Let TSP(S) denote the set of splitters in
⋃n

i=1 CT SP(Si), let TVD(S) denote the set of
trapezoids in

⋃n
i=1 CT VD(Si). Let T A

SP(S) =
⋃n

i=1 CT SP(Si, n/(2r)), and let T A
VD(S) =

⋃n
i=1 CT VD(Si, n/r).

Lemma 8.2.6 Let S be a random permutation of Ŝ. Then

E


 ∑

s∈T A
SP (S)

(w(s))c


 = O

(
ncr2−c

)
,

for c = 0, 1.

Proof: Let p be a vertex of A(Ŝ). The expected contribution, of all the splitters that lie on the vertical
line passing through p, to the above sum is at most

O




∞∑

w=n/2r

∞∑

q=0

wc

(w + 1)2(q + w + 3)2
+

∞∑

w=n/2r

wc

(w + 1)3




= O




∞∑

w=n/2r

∞∑

q=0

wc−2

(q + w + 3)2
+
(n
r

)c−2


 = O




∞∑

w=n/2r

wc−3 +
(n
r

)c−2




= O

((n
r

)c−2
)
,

for c = 0, 1.
Since there are O(n2) vertices in A(Ŝ), it follows that

E


 ∑

s∈T A
SP (S)

(w(s))c


 = O

(
ncr2−c

)
.

Lemma 8.2.6 implies that the number of “heavy” splitters generated by CutRandomInc, with or
without merging, is O(r2), and their total weight is O(nr).

Lemma 8.2.7 Let S be a random permutation of Ŝ. Then

W = E


 ∑

∆∈T A
VD(S)

(w(∆))c


 = O

(
ncr2−c

)
,

for c = 0, 1.
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Proof: The probability of a trapezoid ∆ of weight w to be created during the computation of CT VD(S),
if it is defined by d ≤ 4 lines, is proportional to 1/wd. Let fd

w denote the number of trapezoids of
TVD(S) that are defined by d lines of S and have weight w. Let F d

≤w =
∑w

q=0 f
d
q . By the Clarkson-

Shor probabilistic technique [CS89], we have F d
≤w = O

(
(n/w)2wd

)
= O(n2wd−2). Let Wd denote the

contribution to W made by trapezoids defined by d lines. Then (we only consider here the case where
c− d < 0; the complementary case is trivial)

Wd =
n−d∑

w=n/r

fd
ww

c

wd
=

n−d∑

w=n/r

fd
ww

c−d =
n−d∑

w=n/r

(F d
≤w − F d

≤w−1)w
c−d

≤ F d
≤nn

c−d +
n−d−1∑

w=n/r

F d
≤w(w

c−d − (w + 1)c−d) = O


nc +

n−d−1∑

w=n/r

F d
≤ww

c−d−1




= O


nc +

n−d−1∑

w=n/r

n2wd−2wc−d−1


 = O


nc + n2

∞∑

w=n/r

wc−3




= O
(
nc + n2(n/r)c−2

)
= O

(
ncr2−c

)
.

Overall, W =
∑4

d=1Wi = O(ncr2−c).
By Lemma 8.2.7, the expected number of trapezoids in T A

VD(S) is O(r2), and their expected total
weight is O(nr).

Remark 8.2.8 Lemma 8.2.6 and Lemma 8.2.7 hold for any 0 ≤ c < 2, but we only need the results for
c = 0, 1.

For i = 1, . . . , n, let ∇VDi = CT VD(Si, n/r) \ CT VD(Si−1, n/r), ∇SP i =
CT SP (Si, n/2r) \ CT SP (Si−1, n/2r), and let ∇Ci be the set of active trapezoids in Ci \ Ci−1; namely, the
new active trapezoids created in the i-th iteration of the algorithm.

Lemma 8.2.9 For i = 1, . . . , n, the following hold: (a) Each new trapezoid τ ∈ ∇Ci must be contained
in a new trapezoid ∆ ∈ ∇VDi.

(b) Let ∆ be a (1/r)-active trapezoid in ∇VDi, and let ∇Ci(∆) (resp. ∇SP i(∆)) denote the set of
trapezoids in ∇Ci (resp. splitters in ∇SP i) that are contained in ∆. Then

∑

τ∈∇Ci(∆)

w(τ) = O


w(∆) +

∑

s∈∇SPi(∆)

w(s)


 ,

and ∣∣∣∇Ci(∆)
∣∣∣ = O

( r
n
w(∆) +

∣∣∣∇SP i(∆)
∣∣∣
)
.

The lemma holds regardless of whether or not CutRandomInc performs merging.

Proof: (a) Let τ ∈ ∇Ci be an active trapezoid created in the i-th iteration of CutRandomInc, and let ∆
be the trapezoid of CT VD(Si) that contains ∆. If the line si is the top or bottom line of τ then clearly
∆ is also newly created. Otherwise si must delimit one of the vertical sides of τ . This side is also a side
of ∆, so ∆ is newly created. Hence ∆ ∈ ∇VDi. See Figure 8.3.

(b) Let τ be a trapezoid in ∇Ci(∆). We charge the weight of τ either to (a portion of) the weight of
the (active) trapezoid ∆, or to a new “heavy” splitter that bounds τ .
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Figure 8.3: A new trapezoid τ ∈ ∇Ci must lie inside a new trapezoid ∆ ∈ ∇VDi.

As noted in (a), at least one of the splitters of τ must be new (i.e., created in the i-th iteration), and
this remains true even if τ was created by merging a few active trapezoids of Ci−1.

Consider the lines l ∈ Ŝ that cross τ . If at least half of these lines intersect the ceiling and/or floor
of ∆, we charge w(τ) to those intersection points, whose number is at least w(τ)/2. Since there are
at most 2w(∆) such intersections on the boundary of ∆, and each of them is uniquely charged in this
manner, it follows that the sum of the weights w(τ) of such trapezoids is at most 4w(∆).

So one can assume that at least half the lines that cross τ do not intersect either the floor or the
ceiling of τ . This implies that the new splitter must intersect at least w(τ)/2 > n/(2r) of these lines,
which implies that s ∈ ∇SP i. Thus, we charge w(τ) to w(s). Since w(τ) ≤ 2w(s), and each such
splitter can be charged at most twice, the first inequality of (b) follows.

As for the second inequality, if a (1/r)-active trapezoid τ ∈ ∇Ci(∆) does not have a splitter of ∇SP i

as one of its sides, then there are at least n/r intersections between the lines crossing τ and the bottom
and top edges of τ . The number of such trapezoids within ∆ is at most 2w(∆)/(n/r) = O((r/n)w(∆)).
This is easily seen to imply the second inequality.

Theorem 8.2.10 The expected size of the cutting generated by CutRandomInc (with or without merging)
is O(r2), and the expected running time is O(nr).

Proof: Since the direct work involved in creating the children of a trapezoid is proportional to the
number of lines that cross it, we can bound the overall work performed by CutRandomInc by the total
weight of the active trapezoids that it generates.

Of course, if we perform merging, there is also additional work associated with merging trapezoids.
However, the merging stage can be performed in linear time in the total weight of the splitted trapezoids.
This requires a somewhat careful but routine implementation, so that the running time remains linear
even when merging the conflict lists of a potentially large number of trapezoids, during the creation of
a single new (merged) trapezoid.

Thus, using Lemma 8.2.9 (a), the expected running time is proportional to

E

[
n∑

i=1

∑

τ∈∇Ci
w(τ)

]
= E




n∑

i=1

∑

∆∈∇VDi

∑

τ∈∇Ci(∆)

w(τ)


 .
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Figure 8.4: If merging is not used by CutRandomInc, an active trapezoid ∆ ∈ Ci might disappear if
we skip an insertion of a line, which does not belong to the defining or crossing sets of ∆. Indeed, if
CutRandomInc inserts the lines in the order l1, l2, . . . , l7, then the trapezoid ∆ is created; see (i). However,
if we skip the insertion of the line l1, then the trapezoid ∆ is not created, because the ray emanating
downward from l2∩ l3 intersects it. This implies that there is no ‘locality’ in the determination of which
trapezoids arise in the execution of CutRandomInc, so the standard techniques of [CS89, BDS95, HW87]
can not be applied directly in analyzing CutRandomInc.

By Lemma 8.2.9 (b), we have:

E

[
n∑

i=1

∑

τ∈∇Ci
w(τ)

]
= E




n∑

i=1

∑

∆∈∇VDi

O


w(∆) +

∑

s∈∇SPi(∆)

w(s)






= O


E


 ∑

∆∈T A
VD(S)

w(∆) +
∑

s∈T A
SP (S)

w(s)




 = O(nr),

by Lemma 8.2.6, and Lemma 8.2.7.
As for the expected size of the cutting,

E

[
n∑

i=1

|∇Ci|
]

= E

[
n∑

i=1

∑

∆∈∇VDi

|∇Ci(∆)|
]
= O


E


 ∑

∆∈T A
VD(S)

r

n
w(∆) + |T A

SP(S)|






= O(r2),

by Lemma 8.2.9 (b), Lemma 8.2.6, and Lemma 8.2.7.
The algorithm CutRandomInc works also for planar arrangements of segments and x-monotone curves

(such that the number of intersections of any pair of curves is bounded by a constant). This follows by
a straightforward adaptation of the proof to those cases, which we omit, and it is summarized in the
following proposition.

Proposition 8.2.11 Let Γ̂ be a set of x-monotone curves such that each pair intersects in at most a
constant number of points. Then the expected size of the (1/r)-cutting generated by CutRandomInc for
Γ is O(r2), and the expected running time is O(nr), for any integer 1 ≤ r ≤ n, in an appropriate model
of computation.

However, the arrangement of a set of n segments or curves might have subquadratic complexity
(since the number of intersection points might be subquadratic). This raises the question of whether
CutRandomInc generates smaller cuttings for such sparse arrangements.
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Figure 8.5: Even if merging is used by CutRandomInc, an active trapezoid ∆ ∈ Ci might disappear if
we skip an insertion of a line which is completely unrelated to ∆. The thick lines represent two sets of
100 parallel lines, and we want to compute a (1/10)-cutting. We execute CutRandomInc with the first
6 lines l1, . . . , l6 in this order. Note that any trapezoid that intersects a thick line is active. The first
trapezoid ∆′ inside 4abc that becomes inactive is created when the line l5 is being inserted; see parts
(i) and (ii). However, if we skip the insertion of the line l4 (as in part (iii)), the corresponding inactive
trapezoid ∆′′ will extend downwards and intersect ∆. Since ∆′′ is inactive, the decomposition of the
plane inside ∆′′ is no longer maintained. In particular, this implies that the trapezoid ∆ will not be
created, since it is being blocked by ∆′′, and no merging involving areas inside ∆′′ will take place. Here
too l4 belongs neither to the defining nor to the crossing sets of ∆.

Indeed, an algorithm of [BS95] generates cuttings of sizeO
(
r + r2

n2κ
)
, in expected timeO

(
n log r + r

n
κ
)
,

where κ is the overall complexity of the arrangement. Using
CutRandomInc for this case, we obtain the following slightly weaker bounds (again, we omit the proof):

Proposition 8.2.12 Let Γ̂ be a set of n curves, such that each pair of curves of Γ̂ intersect in at most
a constant number of points. Then the expected size of the (1/r)-cutting generated by CutRandomInc,
when applied to Γ̂, is

O

(
r log r +

r2

n2
κ

)
,

and the expected running time is O(n log2 r+rκ/n), for any integer 1 ≤ r ≤ n, where κ is the complexity
of A(Γ̂).

Since CutRandomInc generates superficial splitters (even if merging is being used, superficial splitters
are still created at the boundary between an inactive region and a still active one; see Figure 8.5 (iii)),
the results for sparse arrangements may be slightly worse (by a factor of log r if κ is relatively small)
than those of [BS95]. We omit any further details. The algorithm of [BS95] is similar to the algorithm of
Chazelle and Friedman [CF90], and we therefore believe that in practice CutRandomInc (with merging)
will generate much smaller cuttings for A(Γ̂), as the results of Section 8.4 might suggest.

Remark 8.2.13 An interesting question is whether CutRandomInc can be extended to higher dimen-
sions. If we execute CutRandomInc in higher dimensions, we need to use a more complicated technique
in decomposing each of our “vertical trapezoids” whenever it intersects a newly inserted hyperplane.
Chazelle and Friedman’s algorithm uses bottom vertex triangulation for this decomposition. However,
in our case, it is easy to verify that CutRandomInc might generate simplices so that the size of their
defining set need not be bounded by a constant, if we use bottom vertex triangulation. This implies that
the current analysis can not be extended to this case. We leave the problem of extending CutRandomInc

to higher (say, three) dimensions as an open problem for further research.
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8.2.1 Cuttings by Vertical Polygons

In this section, we present another variant of CutRandomInc that uses ‘vertical polygons’ instead of
vertical trapezoids, and establish similar optimal performance bounds for this variant.

Definition 8.2.14 Let Ŝ be a set of n lines. A convex polygon P is a µ-vertical polygon of Ŝ, if the
boundary of P , except for the two vertical sides of P , if any, is contained in

⋃
Ŝ, and the number of

non-vertical edges of P is at most µ (in the case of vertical trapezoids we have µ = 2). We denote the set
of all such polygons by VPµ(Ŝ). A µ-vertical polygon P is a µ-corridor, if its two splitters (i.e. vertical

sides) are defined by vertices of A(Ŝ) lying on the boundary of P . Note that the size of the defining set
of a µ-corridor is ≤ µ+ 2.

In the following, we consider µ to be a prescribed small constant.

We can use µ-vertical polygons instead of vertical trapezoids in CutRandomInc; namely, each region
maintained by CutRandomInc is a µ-vertical polygon. Whenever a new region is being created, it is split
into two subregions if it has more than µ non-vertical edges. This is done by erecting a splitter, from an
appropriate vertex of the region. Let CRIVPolygon denote this variant of CutRandomInc. Here too we
have the option of performing merging. That is, we merge a sequence, as long as possible, of adjacent
µ-vertical polygons, within the same face of A(Si), into a single vertical polygon, as long as the number
of its non-vertical edges does not exceed µ.

The gain in using µ-vertical polygons instead of vertical trapezoids is that the number of splitters
generated is smaller, yielding smaller cuttings. See Section 8.4, for supporting experimental data. The
disadvantage is that the regions output by the algorithm are more complex to handle in any subsequent
application of the cutting.

Lemma 8.2.15 Let Ŝ be a set of n lines in the plane. The number of µ-corridors of A(Ŝ) is O(n2).

Proof: A vertex p of A(Ŝ) is the left-bottom vertex of only a constant number (O(µ)) of µ-corridors.
The lemma follows since the number of such vertices is O(n2).

Note that any µ-vertical polygon is contained in only a constant number of µ-corridors. Let S be
a random permutation of the lines of Ŝ, and let COi denote the set of active µ-corridors in A(Si), for
i = 1, . . . , n. Let T A

CO =
⋃n

i=1 COi. Note that those corridors are not necessarily disjoint. Moreover,
each active region maintained by CRIVPolygon, is contained inside at least one active corridor, and the
set of splitters generated by CRIVPolygon is a subset of the set of splitters generated by CutRandomInc.
Thus, Lemma 8.2.6 holds for the active splitters generated by CRIVPolygon. As for the corridors, we
have:

Lemma 8.2.16 Let S be a random permutation of Ŝ, then

W = E


 ∑

τ∈T A
CO(S)

(w(τ))c


 = O

(
ncr2−c

)
,

for c = 0, 1.

Proof: We follow the proof of Lemma 8.2.7, using Lemma 8.2.15 to bound the number of “heavy” µ-
corridors. This follows by observing that we can apply the Clarkson-Shor technique [CS89] to bound
the number of µ-corridors with weight at most k. We omit the easy details.

Theorem 8.2.17 The expected size of the cutting generated by CRIVPolygon (with or without merging)
is O(r2), and the expected running time is O(nr).
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Proof: We only sketch the proof, since it is similar to the analysis of CutRandomInc. Note that in the
proof of Lemma 8.2.9 can be adapted to handle active corridors, and the active regions maintained by
CRIVPolygon. Indeed, after the i-th iteration of the algorithm, each newly created active µ-vertical
polygon is contained in (at least one) newly created active µ-corridor. We assign each such µ-vertical
polygon to one of those newly active µ-corridors, in an arbitrary manner.

Now, to bound the work associated with such a µ-corridor X, we apply the same charging scheme
used in Lemma 8.2.9, charging the weight of all the active µ-vertical polygons that were assigned to X
(all of them are contained inside X), to the weight of X, and to the weight of the newly created “heavy”
splitters inside X.

Since each splitter is contained in a constant number of µ-corridors, this implies that the overall
charge made to on a newly created splitter s is O(w(s)).

Overall, this implies that the overall expected running time of the algorithm is bounded by the total
weight of the active µ-corridors and the heavy splitters that it creates.

By Lemma 8.2.6 and Lemma 8.2.16, the expected total weight of the µ-vertical polygons generated
by CRIVPolygon is O(nr), which implies immediately that the expected running time is O(nr), and the
expected size of the cuttings is O(r2), by following the proof of Theorem 8.2.10 (note, however, that the
constants of proportionality now depend on µ). We omit the rather easy details.

Remark 8.2.18 We can further modify the algorithm CRIVPolygon, so that it tries to remove in-
active regions from the left and right sides of any newly created active region. We call this variant
PolyVertical. It is easy to verify that the same proof of correctness and performance bounds, with
slight modifications, works also for PolyVertical.

8.3 Generating Small Cuttings — Matoušek’s

Construction Revisited

In this section, we present an efficient algorithm that generates cuttings of guaranteed small size. The al-
gorithm is based on Matoušek’s construction of small cuttings [Mat98]. We first review this construction,
and then show how to modify it for building small cuttings efficiently.

Definition 8.3.1 Let Ŝ be a set of n lines in the plane in general position, i.e., every pair of lines
intersect in exactly one point, no three have a common point, no line is vertical or horizontal, and the
x-coordinate of all intersections are pairwise distinct. The level of a point in the plane is the number of
lines of Ŝ lying strictly below it. Consider the set Ek of all edges of the arrangement of Ŝ having level
k (for 0 ≤ k < n). These edges form an x-monotone connected polygonal line, which is called the level
k of the arrangement of Ŝ.

Definition 8.3.2 ([Mat98]) Let Ek be the level k in the arrangement A(Ŝ) with edges e0, e1, . . . , et
(from left to right), and let pi be a point in the interior of the edge ei, for i = 0, . . . , t. The q-simplification
of the level k, for an integer parameter 1 ≤ q ≤ t, is defined as the x-monotone polygonal line containing
the part of e0 to the left of the point p0, the segments p0pq, pqp2q, . . . , pb(t−1)/qcqpt and the part of et to
the right of pt. Let simpq(Ek) denote this polygonal line.

Let Ŝ be a set of n lines in general position, and let Ei,q, for i = 0, . . . , q− 1, denote the union of the
levels Ei, Ei+q, . . . , En+i−q. Let simpq(Ei,q) denote the set of edges of the q-simplifications of the levels
of Ei,q.
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Matoušek showed that the vertical decomposition of the plane induced by simpq(Ei,q), where q =
n/(2r) (we assume that n is divisible by 2r), is a (1/r)-cutting of the plane, for any i = 0, . . . , q − 1.
Moreover, the following holds:

Theorem 8.3.3 ([Mat98]) Let Ŝ be a set of n lines in general position, let r be a positive integer,
and let q = n/(2r), assumed to be an integer. Then the subdivision of the plane defined by the vertical
decomposition of simpq(Em,q) is a (1/r)-cutting of A(Ŝ), where 0 ≤ m < q is the index i ∈ {0, . . . , q − 1}
for which |Ei,q| is minimized. Moreover, the cutting generated has at most 8r2 + 6r + 4 trapezoids.

Remark 8.3.4 (i) Matoušek’s construction can be slightly improved, by noting that the leftmost and
rightmost points in a q-simplification of a level can be placed at “infinity”; that is, we replace the first
and second edges in the q-simplification by a ray emanating from pq which is parallel to e0. We perform
a similar shortcut for the last two edges of the simplified level. We denote this improved simplification
by simp′

q. It is easy to prove that using this improved simplification also results in a (1/r)-cutting of

A(Ŝ) with at most 8r2 + 6r + 4− 4 · 2r = 8r2 − 2r + 4 vertical trapezoids.
(ii) Inspecting Matoušek’s construction, we see that if we can only find an i such that |Ei,q| ≤ cn2/q,

where c > 1 is a prescribed constant, then the vertical decomposition induced by simp′
q(Ei,q) is a

(1/r)-cutting having ≤ c(8r2 − 2r + 4) trapezoids.

Let ni = |Ei,q|, for i = 0, . . . , q−1. Matoušek’s construction is carried out by computing the numbers
n0, . . . , nq−1, and picking the minimal number ni, which is guaranteed to be no larger than the average
n2/q. Unfortunately, implementing this scheme explicitly requires computing the whole arrangement

A(Ŝ), so the resulting running time is O(n2). Let us assume for the moment that one can compute any
of the numbers ni quickly. Then, as the following lemma shows, one can compute a number ni which is
≤ (1 + ε)n2/q, without computing all the ni’s.

Lemma 8.3.5 Let n0, . . . , nq−1 be q positive integers, whose sum m =
∑q−1

i=0 ni is known in advance, and
let ε > 0 be a prescribed constant. One can compute an index 0 ≤ k < q, such that nk ≤ d(1 + ε)m/qe,
by repeatedly picking uniformly and independently a random index 0 ≤ i < q, and by checking whether
ni ≤ d(1 + ε)m/qe. The expected number of iterations required is ≤ 1 + 1/ε.

Proof: Let Yi be the random variable which is the value of ni picked in the i-th iteration. Using Markov’s
inequality1, one obtain:

Pr

[
Yi ≥ (1 + ε)

m

q

]
≤

E
[
Yi

]

(1 + ε)m
q

.

Since, E[Yi] = m/q, we have that the probability for failure in the i-th iteration is

Pr

[
Yi ≥ (1 + ε)

m

q

]
≤ 1

1 + ε
.

Let X denote the number of iterations required by the algorithm. Then E[X] is bounded by the
expected number of trials to the first success in a geometric distribution with probability p ≥ 1 − 1

1+ε
.

Thus, the expected number of iterations is bounded by

E[X] ≤ 1

p
≤ 1

1− 1
1+ε

= 1 +
1

ε
.

1The inequality asserts that Pr
[
Y ≥ t

]
≤ E[Y ]

t , for a random variable Y that assumes only nonnegative values.
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To apply Lemma 8.3.5 in our setting, we need to supply an efficient algorithm for computing the level
of an arrangement of lines in the plane. This is done in Chapter 9 of the thesis — see Theorem 9.4.2p117
and Remark 9.4.3p117. We restate the result here:

Lemma 8.3.6 Let Ŝ be a set of n lines in the plane. Then one can compute, in O((n + h)α(n) log n)
randomized expected time, the leftmost h edges of the level k of A(Ŝ).

Combining Lemma 8.3.5 and Lemma 8.3.6, we have:

Theorem 8.3.7 Let Ŝ be a set of n lines in the plane, and let 0 < ε ≤ 1 be a prescribed constant. Then
one can compute a (1/r)-cutting of A(Ŝ), having at most (1 + ε)(8r2− 2r+4) trapezoids. The expected
running time of the algorithm is O

((
1 + 1

ε

)
nrα(n) log n

)
.

Proof: By the above discussion, it is enough to find an index 0 ≤ i ≤ q − 1, such that |Ei,q| ≤ M =

(1 + ε)n
2

q
≤ 2(1 + ε)nr, where q = dn/(2r)e. By Remark 8.3.4 (ii), the vertical decomposition of

simp′
q(Ei,q) is a (1/r)-cutting of the required size.

Picking i randomly, we have to check whether |Ei,q| ≤ M . We can compute Ei,q, by computing
the levels Ei, Ei+q, . . . , Ei+b(n−i−1)/qcq in an output-sensitive manner, using Lemma 8.3.6. Note that if
|Ei,q| > M , we can abort as soon as the number of edges we computed exceeds M . Thus, checking
if |Ei,q| ≤ M takes O((1 + ε)nrα(n) log n) expected time. By Lemma 8.3.6, the expected number of
iterations the algorithm performs until the inequality |Ei,q| ≤M will be satisfied is ≤ 1+1/ε. Thus, the
expected running time of the algorithm is

O

((
1 +

1

ε

)
nrα(n) log n

)
,

since the vertical decomposition of simp′
q(Ei,q) (which is the resulting cutting) can be computed in

additional O(nr) time. In fact, one can also compute, in overall O(nr) time, for each trapezoid in the
cutting, the lines of Ŝ that intersect it.

8.4 Empirical Results

In this section, we present the empirical results we got for computing cuttings in the plane using
CutRandomInc and various related heuristics that we have implemented and experimented with.

A program with a GUI demonstrating the algorithms and heuristics presented in the chapter, is
available on the web in source form. It can be downloaded from:
http://www.math.tau.ac.il/~sariel/CG/cutting/cuttings.html

8.4.1 The Implemented Algorithms — Using Vertical Trapezoids

We have implemented the algorithm CutRandomInc presented in Section 8.2, as well as several other
algorithms for constructing cuttings. In this section, we report on the experimental results that we
obtained.

Most of the algorithms we have implemented are variants of CutRandomInc. The algorithms imple-
mented are the following (we denote by K(∆) the set of lines that cross a vertical trapezoid ∆):
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Classical: This is a variant of the algorithm of Chazelle and Friedman [CF90] for constructing a
cutting. We pick a sample R ⊆ Ŝ of r lines, and compute its decomposed arrangement A = AVD(R).
For each active trapezoid ∆ ∈ A, we pick a random sample R∆ ⊆ K(∆) of size 6k log k, where k =
dr|K(∆)|/ne, and compute the arrangement of AVD(R∆) inside ∆. If AVD(R∆) is not a (1/r)-cutting,
then the classical algorithm performs resampling inside ∆ until it reaches a cutting. Our implementation
is more naive, and it simply continues recursively into the active subtrapezoids of AVD(R∆).

Cut Randomized Incremental: This is CutRandomInc without merging, as described in Figure 8.1.

The following four heuristics, for which we currently do not have a proof of any concrete bound on
the expected size of the cutting that they generate, also perform well in practice.

Parallel Incremental: Let Ci be the covering generated in the i-th iteration of the algorithm. For
each active trapezoid ∆ ∈ Ci, pick a random line from K(∆), and insert it into ∆ (i.e., split ∆ ac-
cordingly). Continue until there are no active trapezoids. Note that unlike CutRandomInc the insertion
operations are performed locally inside each trapezoid, and the line chosen for insertion in each trapezoid
is independent of the lines chosen for other trapezoids.

Randomized Incremental: This is CutRandomInc with merging.

Greedy Trapezoid: This is a variant of CutRandomInc where we try to be “smarter” about the line
inserted into the partition in each iteration. Let Vi be the set of trapezoids of Ci with maximal weight.
We pick randomly a trapezoid ∆ out of the trapezoids of Vi, and pick randomly a line s from K(∆).
We then insert s into Ci.

Greedy Line: Similar to Greedy Trapezoid, but here we compute the set U of lines of Ŝ, for which
w′(s) is maximal, where w′(s) is the number of active trapezoids in Ci that intersect the line s. We pick
randomly a line from U and insert it into the current partition of the plane.

Greedy Weighted Line: Similar to Greedy Line, but our weight function is:

w′(s) =
∑

∆∈Ci,s∩∆ 6=∅,w(∆)>n/r

⌊
w(∆)⌊

n
3r

⌋
⌋
;

namely, we give a higher priority to lines that intersect heavier (1/r)-active trapezoids.

8.4.2 Polygonal Cuttings

In judging the quality of cuttings, the size of the cutting is of major concern. However, other factors
might also be important. For example we want the regions defining the cutting to be as simple as
possible. Furthermore, there are applications where we are not interested directly in the size of the
cutting, but rather in the overall number of vertices defining the cutting regions. This is useful when
applying cuttings in the dual plane, and transforming the vertices of the cutting back to the primal
plane, as done in the computation of partition trees [Mat92]. A natural question is the following: Can
one compute better cuttings, if one is willing to use cutting regions which are different from vertical
trapezoids?
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Figure 8.6: In the PolyTree algorithm, each time a polygon is split by a line, we might have to further
split it because a split region might have too many vertices.

For example, if one is willing to cut using non-convex regions having a non-constant description
complexity, the size of the cutting can be improved to 4r2 + 2r + 2 [Mat98]. On the other hand, if one
wishes to cut a collection of lines by triangles, instead of trapezoids, the situation becomes somewhat
disappointing, because the smallest cuttings currently known for this case, are generated by taking the
cutting of Remark 8.3.4, and by splitting each trapezoid into two triangles. This results in cuttings
having (roughly) 16r2 triangles.

In this section, we present a slightly different approach for computing cuttings, suggested to us by
Jǐŕı Matoušek, that works extremely well in practice. The new approach, a variant of which has already
been presented in Section 8.2.1, is based on cuttings using polygonal convex regions with a small number
of sides, instead of vertical trapezoids. Namely, we apply CutRandomInc, where each region is a convex
polygon (of constant complexity). Whenever we insert a new line into an active region, we split the
polygon into two new polygons. Of course, it might be that the number of vertices of a new polygon is
too large. If so, we split each such polygon into two subpolygons ensuring that the number of vertices
of the new polygons are below our threshold.

Intuitively, the benefit in this approach is that the number of superfluous entities (i.e. vertical
walls in the case of vertical trapezoids) participating in the definition of the cutting regions is much
smaller. Moreover, since the cutting regions are less restrictive, the algorithm can be more flexible in
its maintenance of the active regions.

Here are the different methods we tried:

PolyTree: We use CutRandomInc where each region is a convex polygon having at most k-sides (we
experimented with k up to 11). When inserting a new line, we first split each of the active regions that
intersect it into two subpolygons. If a split region R has more than k sides, we further split it using
the diagonal of R that achieves the best balanced partition of R; namely, it is the pair of vertices a, b
attaining the following minimum:

min
a,b∈V (R)

max
(
w(R ∩H+

ab), w(R ∩H−
ab)
)
,

where V (R) is the set of vertices of R, and w(R) is the number of lines intersecting R, and H+
ab (resp.

H−
ab) is the closed halfplane lying to the right (resp. left) of ab. See Figure 8.6.
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PolyTriangle: Modified PolyTree for generating cuttings by triangles. In each stage, we check
whether a newly created region R can be triangulated into a set of inactive triangles. To do so, compute
an arbitrary triangulation of the region R and check if all the triangles generated in our (arbitrary)
triangulation of R are inactive. If so, replace R in our cuttings by its triangulation.2 At the end of the
algorithm, all the regions in the cutting are inactive triangles.

PolyDeadLeaf: Modified PolyTree for generating cuttings by triangles. Whenever a region is being
created we check whether it has a leaf triangle (a triangle defined by three consecutive vertices of the
region) that is inactive. If we find such an inactive triangle, we add it immediately to the final cutting.
We repeat this process until the region can not be further shrunk.

PolyVertical: (This is the variant presented in Section 8.2.1.) We use PolyTree, but instead of
splitting along a diagonal, we split along a vertical ray emanating from one of the vertices of the region.
The algorithm also tries to remove dead regions from the left and right side of the region. Intuitively,
each region is now an extended vertical trapezoid having a convex ceiling and floor, with at most two
additional vertical walls.

Remark 8.4.1 Note, that for all the polygonal cutting methods, except CRIVPolygon and
PolyVertical (see Remark 8.2.18 for the differences between the two algorithms), it is not even clear
that the number of regions they maintain, in the i-th iteration, is O(i2). Thus, the proof of Theo-
rem 8.2.10 does not work for those methods.

8.4.3 Implementation Details

As an underlying data-structure for our testing, we implemented the history-graph data-structure [Sei91].
Our random arrangements were constructed by choosing n points uniformly and independently on the
left side of the unit square, and similarly on the right side of the unit square. We sorted the points, and
connected them by lines in a transposed manner. This yields a random arrangement with all the

(
n
2

)

intersections inside the unit square.
We had implemented our algorithm in C++. We had encountered problems with floating point

robustness at an early stage of the implementation, and decided to use exact arithmetic instead, using
LEDA rational numbers [MN95]. While this solved the robustness problems, we had to deal with a few
other issues:

• Speed: Using exact arithmetic instead of floating point arithmetic resulted in a slowdown by a
factor 20–40. The time to perform an operation in exact arithmetic is proportional to the bit-
sizes of the numbers involved. To minimize the size of the numbers used in the computations, we
normalized the line equations so that the coefficients are integer numbers (in reduced form).

• Memory consumption: A LEDA rational is represented by a block of memory dynamically allocated
on the heap. In order to save, both in the memory consumed and the time used by the dynamic
memory allocator, we observe that in a representation of vertical decomposition the same number
appears in several places (i.e., an x-coordinate of an intersection point appears in 6 different vertical
trapezoids). We reduce memory consumption, by storing such a number only once. To do so, we
use a repository of rational numbers generated so far by the algorithm. Whenever we compute

2Computing the “best” triangulation (i.e. the weight of the heaviest triangle is minimized) is relatively complicated,
and requires dynamic programming. It is not clear that it is going to perform better than PolyDeadLeaf, described below.
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a new x-coordinate, we search it in the repository, and if it does not exist, then we insert it. In
particular, each vertical trapezoid is represented by two pointers to its xleft and xright coordinates,
and pointers to its top and bottom lines.

The repository is implemented using Treaps [SA96].

8.4.4 Results — Vertical Trapezoids

The empirical results we got for the algorithms/heuristics of Section 8.4.1, are depicted in Table 8.1–Table 8.5.

For each value of r, and each value of n, we computed a random arrangement of lines inside the unit
square, as described above. For each such arrangement, we performed 10 tests for each algorithm/heuris-
tic. The tables present the size of the minimal cutting computed in those tests. Each entry is the size
of the output cutting divided by r2. In addition, each table caption presents a range containing the size
of the cutting that can be obtained by Matoušek’s algorithm [Mat98].

Table 8.1–Table 8.5 show only the version of CutRandomInc that uses merging. It is an interesting
question whether using merging by CutRandomInc results in practice in smaller cuttings. If not, one
could use instead the simpler version where merging is not used. We tested this empirically, and the
results are presented in Table 8.6. As can be seen in Table 8.6, using merging does generate smaller
cuttings, but the improvement in the cutting size is rather small. The difference in the size of the
generated cuttings seems to be less than 2r2.

8.4.5 Implementing Matoušek’s Construction

In Table 8.7, we present the empirical results for Matoušek’s construction, comparing it with the slight
improvement described in Remark 8.3.4. For small values of r the improved version yields consider-
ably smaller cuttings than Matoušek’s construction, making it the best method we are aware of for
constructing small cuttings.

We had implemented Matoušek’s algorithm naively, using quadratic space and time. Currently, this
implementation can not be used for larger inputs because it runs out of memory. Implementing the
more efficient algorithm described in Theorem 8.3.7 is non-trivial since it requires the implementation
of the rather complex data-structure of Overmars and van Leeuwen [OvL81]. However, if it is critical
to reduce the size of a cutting for large inputs, the algorithm of Theorem 8.3.7 seems to be the best
available option.

Overall, Matoušek’s algorithms gives the best results for cuttings by vertical trapezoids. However,
for polygonal cuttings, the results we got, using the other techniques, are even better, as described
below.

8.4.6 Results — Polygonal Cuttings

The results for polygonal cuttings are presented in Table 8.8. As seen in the tables the polygonal cutting
methods perform well in practice. In particular, the PolyTree method generated cuttings of average
size (roughly) 7.5r2, beating all the cutting methods that use vertical trapezoids.

As for triangles, the situation is even better: PolyDeadLeaf generates cuttings by triangles of size
≤ 12r2. (That is better by an additive factor of about 4r2 than the best theoretical bound).

To summarize, polygonal cutting methods seems to be the clear winner in practice. They generate
cuttings of a small size, with a small number of vertices, and small number of triangles.



8.5 Conclusions 97

8.5 Conclusions

In this chapter, we have presented a new approach, different from that of [CF90], for constructing
cuttings in the plane. The new algorithm is rather simple and easy to implement. We have proved
the correctness and bounded the expected output size and expected running time of several variants of
the new algorithm, showing both bounds to be worst-case optimal, and have also demonstrated that
the new algorithms perform much better in practice than the algorithm of [CF90]. We believe that the
results in this chapter show that planar cuttings are practical, and might be useful in practice when
constructing data-structures for range searching and related applications.

Moreover, the empirical results show that the size of the cutting constructed by the new algorithms
is not considerably larger (and in some cases even smaller) than the cuttings that can be computed by
the currently best theoretical algorithm (too slow to be useful in practice due to its O(n2) running time)
of Matoušek [Mat98]. The empirical constants that we obtain are generally between 10 and 13 (for
vertical trapezoids). For polygonal cuttings we get a constant of 8 by cutting by convex polygons (using
PolyTree) having at most 6 vertices. Moreover, the various variants of CutRandomInc seem to produce
constants that are rather close to each other. As noted above, the method described in Remark 8.3.4
generates the smallest cuttings by vertical trapezoids.

As for running time, the results we got in practice are the following: In computing a (1/8)-cutting
of 1024 lines, the fastest algorithm was PolyTree, requiring about half a minute on average. The other
polygonal methods lagged slightly behind. CutRandomInc was the fastest algorithm that produced
cuttings by vertical trapezoids, being several times slower than PolyTree. Matoušek’s method required
several hours due to our naive (i.e. O(n2)) implementation. This information should be taken with
reservation, since no serious effort had gone into optimizing the code for speed, and those measurements
tend to change from execution to execution. (Recall also that we use exact arithmetic, which slows
down the running time significantly.)

Given these results, we recommend for use in practice one of the polygonal-cutting methods. They
perform well in practice, and they should be used whenever possible. If we are restricted to vertical
trapezoid, CutRandomInc seems like a reasonable algorithm to be used in practice (without merging, as
merging is the only “non-trivial” part in the implementation of the algorithm, and it does not seem to
yield any significant improvement).

There are several interesting open problems for further research:

• Can one obtain provable bounds on the expected size of the cutting generated by, and the running
time of the PolyTree method (Remember, that in the PolyTree method the cutting regions are
convex polygons with a constant number of polygons)? The same question for all the other methods
we had implemented?3

• Can one prove the existence of a cutting smaller than the one guaranteed by the algorithm in
Remark 8.3.4 for specific values of r? For example, Table 8.1 suggests a smaller cutting should
exist for r = 2. In particular, the test results hint that a cutting made out of 32 vertical trapezoids
should exist, while the cutting size guaranteed by Matoušek’s algorithm [Mat98] is 48.

• Can one generate smaller cuttings by modifying CutRandomInc to be smarter in its decision when
to merge trapezoids?

3Recently, in work in progress, the author has shown that if one executes the PolyTree algorithm with merging, for
computing the whole arrangement (i.e., 0-cutting) then the running time of PolyTree is O(n2). However, this is still far
from settling this open question.
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• Is there a simple and practical algorithm for computing cuttings in three and higher dimensions?
The current algorithms seems to be far from practical.
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Lines Parallel Classical Randomized Greedy Greedy Greedy
Inc Inc Trapezoid Line Weighted Line

4 1.50 1.50 1.50 1.50 1.50 1.50
8 2.00 12.50 2.75 2.25 2.25 2.50
16 4.75 25.75 4.25 4.75 4.00 4.50
32 4.75 24.75 7.00 5.50 6.00 6.25
64 6.75 28.25 6.50 7.50 7.50 7.25
128 8.75 26.75 7.75 7.25 8.25 8.50
256 8.75 30.75 6.50 8.00 6.75 7.25
512 6.00 36.50 8.25 9.75 8.50 8.00

1024 9.25 26.00 10.00 7.75 7.75 9.00
2048 7.50 28.50 9.00 7.25 8.75 9.75
4096 7.50 35.25 8.50 8.25 7.75 7.50
8192 8.25 36.75 7.00 7.75 6.25 7.50
16384 9.00 30.25 8.75 8.00 8.50 8.75
32768 10.25 33.00 7.75 9.00 6.25 7.75
65536 10.00 31.25 6.50 6.75 6.75 8.50

Table 8.1: Results for 1/2-cuttings. Each entry is the size of the minimal cutting computed, divided by
22 = 4. The corresponding value in Matoušek’s construction [Mat98] is smaller than 12.00

Lines Parallel Classical Randomized Greedy Greedy Greedy
Inc Inc Trapezoid Line Weighted Line

8 1.88 2.69 1.56 2.00 1.62 1.62
16 3.69 20.31 3.44 3.62 3.50 3.62
32 6.12 31.12 6.56 5.50 5.75 5.50
64 8.25 35.94 8.06 7.69 7.12 8.06
128 9.19 37.12 9.75 9.94 8.62 7.88
256 11.00 44.06 9.62 9.00 10.25 8.19
512 11.75 48.75 9.81 10.31 9.75 10.12

1024 12.75 46.88 12.12 11.25 10.25 10.62
2048 11.19 37.00 11.50 11.00 10.81 10.50
4096 11.81 44.38 10.94 11.19 10.62 10.50
8192 12.19 52.00 10.19 11.06 10.25 10.00
16384 12.31 43.88 10.94 11.25 10.31 10.88
32768 11.50 42.69 10.69 11.81 11.31 10.25

Table 8.2: Results for 1/4-cuttings. Each entry is the size of the minimal cutting computed, divided by
42 = 16. The corresponding value in Matoušek’s construction [Mat98] is smaller than 9.75

Lines Parallel Classical Randomized Greedy Greedy Greedy
Inc Inc Trapezoid Line Weighted Line

16 2.23 4.08 2.06 1.89 1.86 1.83
32 4.80 23.17 4.19 3.92 3.91 3.53
64 7.67 37.25 6.64 6.27 6.31 6.12
128 10.44 45.50 8.84 8.83 8.80 8.31
256 11.56 44.12 9.91 10.53 9.91 9.94
512 12.77 50.14 11.36 11.11 10.86 11.20

1024 13.31 47.58 11.61 11.33 10.95 11.31
2048 13.42 54.84 12.36 11.17 12.38 11.17
4096 15.00 53.17 12.08 12.22 12.08 11.98
8192 13.98 51.75 11.73 12.19 12.67 12.27

Table 8.3: Results for 1/8-cuttings. Each entry is the size of the minimal cutting computed, divided by
82 = 64. The corresponding value in Matoušek’s construction [Mat98] is smaller than 8.81
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Lines Parallel Classical Randomized Greedy Greedy Greedy
Inc Inc Trapezoid Line Weighted Line

32 2.70 5.54 2.18 2.09 2.04 2.11
64 5.38 24.27 4.52 4.21 4.36 4.20
128 8.16 44.00 7.16 7.00 6.66 6.55
256 10.88 56.30 9.34 9.25 9.16 8.48
512 12.61 66.60 11.26 10.85 10.37 10.18

1024 14.02 66.64 12.30 11.40 11.23 11.10
2048 14.24 67.25 12.51 11.84 11.98 11.78

Table 8.4: Results for 1/16-cuttings. Each entry is the size of the minimal cutting computed, divided
by 162 = 256. The corresponding value in Matoušek’s construction [Mat98] is smaller than 8.39

Lines Parallel Classical Randomized Greedy Greedy Greedy
Inc Inc Trapezoid Line Weighted Line

64 2.84 5.45 2.26 2.19 2.14 2.14
128 5.48 24.73 4.54 4.44 4.33 4.22
256 8.89 52.62 7.52 7.05 6.68 6.61
512 11.26 67.72 9.48 9.54 8.98 8.87

1024 13.25 74.47 11.63 10.86 10.23 10.34

Table 8.5: Results for 1/32-cuttings. Each entry is the size of the minimal cutting computed, divided
by 322 = 1024. The corresponding value in Matoušek’s construction [Mat98] is smaller than 8.19

Value of r
Number 2 4 8 16 32
of Lines Merge Merge Merge Merge Merge

4 1.50 1.50 — — — — — — — —
8 2.25 2.75 1.88 1.50 — — — — — —
16 4.75 4.00 3.44 3.56 2.27 2.03 — — — —
32 5.00 5.75 6.44 6.25 4.86 4.31 2.56 2.14 — —
64 7.25 7.75 8.25 9.00 7.36 6.45 5.30 4.54 2.78 2.29

128 8.00 7.50 8.94 9.38 9.56 9.00 8.48 7.19 5.44 4.52
256 8.00 8.00 11.94 9.88 11.86 10.81 10.84 9.73 8.26 7.29
512 5.75 9.00 10.25 10.62 13.05 11.48 12.36 11.29 11.17 9.55
1024 8.25 6.75 12.62 10.12 12.69 11.83 13.80 11.96 13.07 11.24
2048 7.50 8.50 11.31 10.31 13.06 12.66 14.11 13.44 14.04 12.38
4096 8.75 9.25 12.31 11.12 13.81 12.39 13.95 13.13 14.61 12.96
8192 7.50 8.00 12.00 12.12 13.34 12.97 14.67 12.67 14.72 13.18
16384 9.25 8.50 11.38 10.56 12.69 12.33 14.53 13.61 15.02 13.30
32768 7.25 7.50 12.12 10.44 13.00 12.59 13.96 13.00 15.17 13.46

Table 8.6: Comparing the size of cuttings computed by CutRandomInc, with or without using merging.
Each entry is the size of the minimal cutting computed, divided by r2.
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Value of r
Number 2 4 8 16 32
of Lines Impr’ Impr’ Impr’ Impr’ Impr’

4 8.75 5.25 — — — — — — — —
8 10.75 6.25 8.25 6.56 — — — — — —
16 10.25 7.25 9.19 7.44 8.14 7.27 — — — —
32 10.00 7.00 9.38 7.56 8.64 7.64 8.06 7.63 — —
64 10.00 7.25 9.81 7.25 8.66 7.73 8.32 7.82 8.04 7.81

128 10.50 6.50 9.31 7.06 8.72 7.70 8.38 7.90 8.15 7.91
256 11.00 7.50 9.81 7.44 8.81 7.73 8.37 7.90 8.18 7.92
512 11.00 6.75 10.06 7.69 8.81 7.84 8.41 7.88 8.17 7.94

Table 8.7: Comparing the size of cuttings computed by Matoušek’s method, to the slightly improved
method described in Section 8.3.
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Size / r2 Triangles / r2 Verticess / r2 Cutting
min avg max min avg max min avg max Region

ParallelInc 13.64 15.03 16.33 27.28 30.06 32.66 21.84 24.34 26.67 VTrapezoid
ChazelleFriedman 44.30 55.73 79.48 88.59 111.47 158.97 52.78 65.05 89.16 VTrapezoid
CutRandomInc 12.00 12.77 13.52 24.00 25.53 27.03 14.52 15.50 16.30 VTrapezoid
GreedyRandom 11.17 11.69 12.72 22.34 23.38 25.44 13.52 14.19 15.69 VTrapezoid
GreedyLine 10.36 11.02 11.77 20.72 22.05 23.53 12.53 13.19 14.03 VTrapezoid
GreedyWeightedLine 10.33 11.20 12.16 20.66 22.42 24.31 12.39 13.33 14.36 VTrapezoid
Matoušek 8.67 17.34 13.22 VTrapezoid
Matoušek-improved 7.72 15.44 11.78 VTrapezoid
Polytree 9.73 10.83 12.25 14.88 16.20 18.59 9.91 10.55 12.03 4-Polygon
Polytree 7.39 7.89 8.41 12.94 14.08 15.25 8.86 9.61 10.42 5-Polygon
Polytree 6.88 7.47 8.16 13.28 14.42 15.56 9.36 10.14 11.19 6-Polygon
Polytree 6.92 7.38 7.70 13.70 14.61 15.19 9.62 10.30 10.83 7-Polygon
Polytree 6.34 7.28 8.36 12.69 14.53 16.72 8.86 10.41 11.95 8-Polygon
Polytree 6.66 7.34 8.12 13.31 14.70 16.22 9.47 10.52 11.81 9-Polygon
Polytree 6.56 7.22 7.91 13.12 14.44 15.81 9.42 10.25 10.98 10-Polygon
Polytree 7.17 7.62 8.14 14.34 15.27 16.28 10.20 11.02 11.64 11-Polygon
PolyTriang (≤ 4) 11.38 15.03 16.97 11.38 15.03 16.97 7.42 9.64 10.75 Triangle
PolyTriang (≤ 5) 13.00 13.72 14.75 13.00 13.72 14.75 8.73 9.27 10.16 Triangle
PolyTriang (≤ 6) 11.91 13.20 14.06 11.91 13.20 14.06 8.19 9.05 9.62 Triangle
PolyTriang (≤ 7) 11.47 13.08 14.94 11.47 13.08 14.94 8.02 9.05 10.25 Triangle
PolyTriang (≤ 8) 11.50 12.89 14.09 11.50 12.89 14.09 8.17 8.97 9.72 Triangle
PolyTriang (≤ 9) 12.06 13.17 15.50 12.06 13.17 15.50 8.47 9.27 11.00 Triangle
PolyTriang (≤ 10) 11.47 12.47 13.47 11.47 12.47 13.47 8.06 8.75 9.30 Triangle
PolyTriang (≤ 11) 12.25 13.28 14.09 12.25 13.28 14.09 8.27 9.23 9.95 Triangle
PolyDeadLeaf (≤ 4) 11.09 11.98 12.81 11.09 11.98 12.81 7.73 8.33 9.08 Triangle
PolyDeadLeaf (≤ 5) 10.38 11.02 11.94 10.38 11.02 11.94 7.33 7.83 8.62 Triangle
PolyDeadLeaf (≤ 6) 10.78 11.50 13.00 10.78 11.50 13.00 7.69 8.22 9.27 Triangle
PolyDeadLeaf (≤ 7) 9.58 11.81 13.78 9.58 11.81 13.78 6.89 8.42 9.61 Triangle
PolyDeadLeaf (≤ 8) 10.59 11.47 12.47 10.59 11.47 12.47 7.64 8.23 8.92 Triangle
PolyDeadLeaf (≤ 9) 11.00 11.62 13.12 11.00 11.62 13.12 7.78 8.31 9.39 Triangle
PolyDeadLeaf (≤ 10) 9.97 10.75 12.47 9.97 10.75 12.47 7.02 7.72 8.70 Triangle
PolyDeadLeaf (≤ 11) 9.97 11.30 12.34 9.97 11.30 12.34 6.98 8.05 8.64 Triangle
PolyVertical 11.61 13.05 14.09 18.94 21.56 23.91 13.81 15.64 16.78 4-Polygon
PolyVertical 8.98 9.67 10.42 14.52 15.61 16.98 11.34 12.31 13.20 5-Polygon
PolyVertical 8.50 9.41 11.16 13.17 14.81 17.55 10.89 12.14 14.30 6-Polygon
PolyVertical 8.25 9.16 10.02 12.88 14.31 15.75 10.61 11.83 13.03 7-Polygon
PolyVertical 8.48 9.33 10.66 13.22 14.55 16.59 11.02 12.05 13.72 8-Polygon
PolyVertical 8.36 9.22 10.05 13.11 14.33 15.58 10.98 11.92 12.86 9-Polygon
PolyVertical 8.39 9.06 10.55 13.25 14.14 16.53 10.98 11.77 13.83 10-Polygon
PolyVertical 8.31 9.03 9.91 12.92 14.08 15.44 10.80 11.73 12.91 11-Polygon

Table 8.8: Results for (1/8)-cutting of 1024 lines


