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Abstract

Given a nite set L of lines in the plane we wish to compute the zone of an additional curve
in the arrangement A(L), namely the set of faces of the planar subdivision induced by the lines
in L that are crossed by , where is not given in advance but rather provided on-line portion by
portion. This problem is motivated by the computation of the area bisectors of a polygonal set in
the plane. We present four algorithms which solve this problem eciently and exactly (giving precise
results even on degenerate input). We implemented the four algorithms. We present implementation
details, comparison of performance, and a discussion of the advantages and shortcomings of each of
the proposed algorithms.

1 Introduction
Given a nite collection L of lines in the plane, the arrangement A(L) is the subdivision of the plane
into vertices, edges and faces induced by L. Arrangements of lines in the plane, as well as arrangements
of other objects and in higher dimensional spaces, have been extensively studied in computational
geometry [9, 15, 23], and they occur as the underlying structure of the algorithmic solution to geometric
problems in a large variety of application domains. The zone of a curve in an arrangement A(L) is
the collection of (open) faces of the arrangement crossed by (see Figure 1 for an illustration).
In this paper we study the following algorithmic problem: Given a set L of n lines in the plane,
eciently construct the zone of a curve in the arrangement A(L), where consists of a single connected
component and is given on-line, namely is not given in its entirety as part of the initial input but
rather given (contiguously) piece after piece and at any moment the algorithm has to report all the
faces of the arrangement crossed by the part of given so far.
There is a straightforward solution to our problem. We can start by constructing A(L) in (n2 )
time, represent it in a graph-like structure G (say, the half-edge data structure [8, Chapter 2]), and then
explore the zone of by walking through G . However, in general we are not interested in the entire
arrangement. We are only interested in the zone of , and this zone can be anything from a single
triangular face to the entire arrangement.
The combinatorial complexity (complexity, for short) of a face in an arrangement is the overall
number of vertices and edges on its boundary. The complexity of a collection of faces is the sum of the
face complexity over all faces in the collection. The complexity of an arrangement of n lines is (n2 )
(and if we allow degeneracies, possibly less). The complexity of the zone of an arbitrary curve in the
arrangement can range from (1) to (n2 ). The simple algorithm sketched above will always require
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Figure 1: An example of a simple arrangement, induced by 7 lines and a bounding box, and the zone of a
polygonal curve in it. The polyline v0 ; : : :; v4 crosses 4 faces (the shaded faces).
(n2 ) time, which may be too much when the complexity of the zone is signi cantly below quadratic.
(Note that even an optimal solution to our problem may require more than (n2 ) running time for
certain input curves, since we do not impose any restriction on the curve and it may cross a single face
an arbitrary large number of times.)
If the whole curve were given as part of the initial input (together with the lines in L) then we
could have used one of several worst-case near-optimal algorithms to solve the problem. The idea is to
transform the problem into that of computing a single face in an arrangement of segments, where the
segments are pieces of our original lines that are cut out by [10]. Denote by k the overall number of
intersections between and the lines in L, the complexity of the zone of in A(L) (or the complexity
of the single face containing in the modi ed arrangement) is bounded by1 O((n + k) (n)) and several
algorithms exist that compute a single face in time that is only a polylogarithmic factor above the
worst-case combinatorial bound, for example [7].
However, since in our problem we do not know the curve in advance, we cannot use these algorithms, and we need alternative, on-line solutions. Our problem, the on-line version of the zone
construction, is motivated by the study of area bisectors of polygonal sets in the plane [3] which is
in turn motivated by algorithms for part orienting using Micro Electro Mechanical Systems [4]. The
curve that arises in connection with the area bisectors of polygons is determined by the faces of the
arrangement through which it passes, it changes from face to face, and its shape within a face f is
dependent on f .
In the work reported here we assume that is a polyline given as a set of m + 1 points in the plane
v0 ; v1; : : :; vm, namely the collection of m segments v0 v1; v1v2; : : :; vm 1vm, given to the algorithm in
this order. In the motivating problem is a piecewise algebraic curve where each piece can have an
arbitrarily high degree. We simplify the problem by assuming that the degree of each piece is one since
our focus here is on the on-line exploration of the faces of the arrangement. The additional problems
that arise when each piece of the curve can be of high degree are (almost completely) independent of
the problems that we consider in this paper and we discuss them elsewhere [1]. We further assume that
we are given a bounding box B , i.e., the set L contains four lines that de ne a rectangle which contains
v0 ; : : :; vm (see Figure 1).
An ecient solution to the on-line zone problem is given in [3], and it is based on the well-known
algorithm of Overmars and van Leeuwen for the dynamic maintenance of halfplane intersection [21].
As with many other papers in computational geometry, the data structure described in [21] is rather
intricate and we anticipated that it would be dicult to implement. We resorted instead to simpler
solutions which are nevertheless non-trivial.
We devised and implemented four algorithms for on-line construction of the zone. The rst algorithm
is based on halfplane intersection and maintains a balanced binary tree on a set of halfplanes induced
by L (it is reminiscent of the Overmars-van Leeuwen structure, but it is simpler and does not have the
1 () denotes the extremely slowly growing inverse of the Ackermann function.
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good theoretical guarantee of running time as the latter). The second algorithm works in the dual plane
and maintains the convex hull of the set of points dual to the lines in L. Its eciency stems from a
heuristic to recompute the convex hull when the hull changes (the set of points does not change but their
contribution to the lower or upper hull changes according to face of the arrangements that visits).
Algorithms 1 and 2 could be viewed as simple variants of the algorithm described in [3]. The third
algorithm presents a completely novel approach to the problem. It combines randomized construction
of the binary plane partition induced by the lines in L together with maintaining a doubly connected
edge list for the faces of the zone that have already been built. We give two variants of this algorithm,
where the second variant (called Algorithm 3b) handles con ict lists [20] more carefully than the rst
(Algorithm 3). Finally, the fourth algorithm is also a variant of Algorithm 3; however it di ers from
Algorithm 3 in a slight but crucial manner: it re nes the faces of the zone as they are constructed such
that in the re nement no face has more than some small constant number of edges on its boundary.
The four algorithms are presented in the next section, together with implementation details and
description of optimizations applied to speed up the running time of the algorithms. In Section 3 we
describe a test suite of ten input sets on which the algorithms have been examined, followed by a
chart of experiment results. Then in Section 4 we point out the advantages and shortcomings of each
of the algorithms, and summarize the lessons we learnt from the implementation, optimization and
experiments. Concluding remarks and suggestions for future work are given in Section 5.

2 Algorithms and Implementation

2.1 Algorithm 1: Halfplane Intersection

Given a point p and a set L of n lines, the face that contains p in the arrangement A(L) can be computed
in O(n log n) time by intersecting the set of halfplanes induced by the lines and containing p. The idea
is to divide the set of halfplanes into two subsets, recursively intersect each subset, and then use a
linear-time algorithm for the intersection of the two convex polygons (see, for example, [8, Chapter 4]).
We shall extend this scheme to the on-line zone construction by maintaining the recursion tree.

2.1.1 The General Scheme

Let us assume we have a procedure ConvexIntersect that intersects two convex polygons in linear time.
Given the rst point v0 of , we construct the recursion tree in a bottom-up manner in O(n log n) time,
as follows. The lowest level of the tree contains n leaves, which hold the intersection of the bounding box
with each halfplane induced by a line of L and containing p. The next levels are constructed recursively
by applying ConvexIntersect in postorder. The resulting data structure is a balanced binary tree, in
which each internal node holds the intersection of the convex polygons of its two children.
When the polyline moves from one face of the arrangement to its neighbor it crosses a line in L. All
we need to do is update the leaf in the recursion tree that corresponds to this line, and then reconstruct
the polygons of its ancestors, again in a bottom-up manner. Clearly, for each update the number of
calls to ConvexIntersect is O(log n). The time it takes to move from one face to its neighbor therefore
depends on the total complexity of the polygons in the path up the tree. In the worst case this can add
up to O(n) even if the returned face (i.e., the root of the tree) is of low complexity. However, if the
complexity of each polygon along the path is constant (as in some of our test cases), then the update
time is only O(log n).

2.1.2 Convex-Polygon Intersection

The main \building block" of the algorithm is the ConvexIntersect procedure. We started by implementing a variation of the algorithm described in [8, Chapter 4]. The idea is to decompose each
convex polygon into two chains | left and right. We use a sweep algorithm to sweep down these four
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chains, nding the intersections as we proceed, and handling the various possible cases in each event
(this algorithm corresponds, with minor modi cations, to the Shamos-Hoey method described in [22]).
This algorithm turned out to be quite expensive | in each event, several cases of edge intersections
have to be checked, although some of them cannot appear more than twice.
Therefore, we implemented a di erent algorithm that sweeps the two left chains and the two right
chains separately, and then sweeps through the resulting left and right chains to nd the top and bottom
vertices of the intersection polygon. These sweeps are very simple, and can be easily implemented
eciently. For two polygons with 40 vertices, whose intersection contains 80 vertices, the new algorithm
runs 4 times faster than the original one.

2.1.3 Optimization

In addition to the improved intersection algorithm described above, we applied several other optimization techniques. The most important of these was the use of oating-point lters. We implemented
the segment intersection predicate in terms of the orientation predicate in LEDA's rational-geometry
kernel [19]. This predicate performs a fast oating-point initial check, and only if it fails does it revert
to the exact, but slow, rational computation (see Section 4.2 for more details). In addition, in the
function for the intersection of two segments we made use of the fact that the function is called in our
implementation only after we know that the segments intersect, and that these segments always lie on
the set of lines prede ned in the problem. This enabled us to ignore cases that a more general function
(such as CGAL's2 intersection function) has to take into consideration (e.g., two parallel lines).
Another method we used to accelerate the intersection function was the use of a hashing scheme to
avoid re-computation of intersections already computed (see Section 4.3). However, this did not yield
a signi cant speedup | for an input of 1000 random lines and a hash table with 60000 entries, we got
an improvement of only 10-15 percent.

2.2 Algorithm 2: Dual Approach

The algorithm is based on the duality between the problems of computing the intersection of halfplanes
and calculating the convex hull of a set of points. The duality transform [9] maps lines (points) in the
primal plane to points (lines) in the dual plane, preserving above/below relations | for example, a
primal point above a primal line is mapped to a dual line which is above the line's dual point.
Given a set of lines in the plane and a point p, we can nd the intersection of halfplanes induced by
the lines and containing p by rst transforming the set of lines to a set of points P in the dual plane,
and transforming p to a dual line `. Next, we need to partition the set P into two subsets according
to whether a point lies above or below `. We then compute the convex hull of each of the two subsets.
Now, by spending an additional linear amount of work (speci cally, nding the tangents connecting the
two convex hulls) we obtain a list of points whose original primal lines make up the boundary of the
respective intersection of halfplanes and in the desired order. For more details on the duality between
convex hulls and halfplane intersection see, e.g., [8, Section 11.4].
Our algorithm is based on a modi cation by Andrew [2] of Graham's scan algorithm [14]. The rst
step of this algorithm calls for sorting the set of points, and then the actual convex hull is computed
in an O(n) scan. Since our set of points is xed, we can pre-sort them and, as the traversal progresses,
shift points from one subset to the other without destroying the implied order { all we have to do is
keep a tag with each point indicating the subset it currently belongs to. When moving from a face to
one of its neighbors through an edge, a single dual point must be moved from one subset to the other
(the point whose primal line contains the crossed edge) and the convex hulls should be recomputed.
Thus, the algorithm reports each face of the zone in O(n) time. However, a few simple observations
enable us to reduce the needed amount of work, e ectively improving the algorithm's performance on
some inputs. A detailed description of the algorithm will be given in the full version of this paper.
2 CGAL [6] | the Computational Geometry Algorithms Library,
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http://www.cs.uu.nl/CGAL.

2.3 Algorithm 3: Binary Plane Partition

As explained in Section 1, a straightforward solution to the zone problem would be to construct the
arrangement A(L), and then explore the zone of , face by face. However, constructing A(L) takes
(n2 ) time (and space), whereas the actual zone may be of considerably lower complexity. In this
section we shall describe an algorithm that maintains a partial arrangement, namely a subset of the
faces induced by L. The idea would be to construct only the parts of A(L) that are intersected by ,
adding faces to the partial arrangement on-line, as we advance along the curve. The algorithm we
have developed is a variant of the randomized binary plane partition (BPP) technique. The partial
arrangement A (L) is represented in a data structure that is a combination of a doubly connected edge
list (DCEL) and the BPP's binary search tree, both of which are described in [8]. We call this data
structure a face tree.

2.3.1 The Face Tree Data Structure

The face tree is a binary search tree whose nodes correspond to faces in the plane. Each face is split
into two sub-faces, using one of the input lines that intersects it. We assign an arbitrary orientation to
each line in L. The sub-face that is to the left of the splitting line is set as the node's left child, and the
right sub-face as its right child.
Formally, denote by f (u) the face that corresponds to node u, and let l(u) and r(u) be the left and
right children (sub-nodes) of u respectively. The set of inner segments of u is the intersection of the
lines L with the face f (u): I (u) = f ` \ f (u) j ` 2 L; ` \ f (u) 6= ; g (the set I (u) is often referred
to as the con ict list of f (u)). The face f (u) is partitioned into two sub-faces using one of these inner
segments, which we shall call the splitter of f (u), and is denoted s(u). We say that a face is nal if
I (u) = ;, in which case it always corresponds to a leaf in the face tree. Locating a point p in a tree
whose depth is d takes O(d) time, using a series of calls to the SideOfLine predicate, i.e., simple queries
of the form { \is p to the left of s(u)?".
As we have already mentioned, the faces are not only part of a binary search tree { they also form
a DCEL. Each face is described by a doubly connected cyclic linked list of its edges (or half-edges, as
they are called in [8]). Thus, splitting the edges into two sub-faces is very ecient, and takes constant
time once we have chosen the splitter { we simply \cut" the two edges, e1 and e2, which the splitter
intersects, and \glue" the new parts, together with the splitter and its reverse (twin-edge), to form
two new faces. For each half-edge in the DCEL, we maintain its twin half-edge and a pointer to its
incident face, as in a standard DCEL. These pointers enable us to follow eciently along adjacent
faces, instead of performing a new point location query each time it exits a face, which is extremely
useful when revisits faces it has already traversed before.
Let u be a leaf corresponding to a non- nal face in A (L), with nu inner segments. In order to
split the face f (u), we rst choose a splitter s(u) from I (u) at random; we then prepare the lists that
describe the edges of the two sub-faces, as explained above; and, nally, we prepare the inner segments
list of each sub-face. Splitting a face takes a total of O(nu ) time (the exact details will be described in
the full version of this paper).

2.3.2 The General Scheme

The algorithm starts by initializing the root r of the face tree as the bounding box B (see the Introduction). The set of inner segments I (r) is initialized as f ` \ B j ` 2 L g. The initialization phase requires
O(n) time and space. Given the rst point v0 of the polyline, we locate it in the face tree. Obviously,
we will nd it in f (r). Since r is not a nal leaf (assuming n > 0), we split r, and continue recursively
in the sub-face that contains v0, as illustrated in Figure 2. The search ends when we reach a nal leaf,
that is, a face in A(L) that is not intersected by any line in L. We report this face, and wait for the
next point along the polyline.
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Figure 2: An illustration of the construction of the face tree given the rst point v0 of the polyline: rst, the
root face f (r) is set as the bounding-box (1); then, f (r) is split into two sub-faces { f (u), which contains
v0 , and f (v ) (2); similarly, f (u) is split into two sub-faces { f (w) and f (x) (3); and so on until no input
line crosses the face f0 which contains v0 .
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Figure 3: Following along A (L) after the rst face (f0 ) has been built: rst, we nd the exit point ve
(on edge ee ) and skip to the adjacent face f 0 using the twin edge et ; then, from f 0 we build the face fe
through which passes using the same recursive procedure we used for building f0 from f (r) (as shown in
Figure 2).

Suppose we are now given the next vertex v1 along . First, we nd the intersection between the
segment v0 v1 and the edges of the current face f0 , that we have reported earlier. This can be performed
in O(log m0 ), where m0 is the complexity of f0 , but we implemented a trivial O(m0) solution. If v0 v1
exits f0 at point ve on edge ee , as illustrated in Figure 3, then we skip to the opposite face using ee 's
twin-edge pointer { et , and locate ve in it { as long as we are in an internal node of the face tree, we
simply check on which side of the corresponding splitter lies ve , and continue the search there; once we
reach a leaf f 0, we repeat the same splitting algorithm as described above, until we nally nd the face
fe that contains ve (we now update the twin-edge pointers of both ee and et \ fe , so that next time
moves from f0 to fe , or vice versa, we could follow it in O(1) time). Next, we need to locate the point
at which ve v1 exits fe , and report the next face that crosses. This procedure is repeated until we
reach the face that contains v1 . We then wait for the next vertex along , and report the faces in the
zone in the same manner.

2.3.3 Improved Maintenance of the Con ict Lists

The main shortcoming of the algorithm we have just described is its worst-case behavior of (n2 ) time
for preparing a face with (n) edges. For example, in input 5 (Section 3) there are n = 2000 lines
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that all contribute edges to a single large face. Initially, the root face contains 2000 inner segments,
so splitting it requires 2000c operations, where c is some constant. After the root is split, the face
containing the rst point in the polyline has 1999 inner segments. Splitting it takes 1999c operations,
and results in a face with 1998 inner segments, and so on. Thus, locating the rst point is performed
in (n2 ) time, which is the time it would require to construct the full arrangement.
To overcome this shortcoming, we developed a data structure that enables us to split a face without
having to check all its inner segments. Instead of maintaining the inner segments in a simple array,
we distribute them among the vertices of the face in con ict lists. Denote by p the point that is being
located (p is either the rst vertex of the polyline, or its exit point from the previous face). An inner
segment s in face f is said to be in con ict with the vertex v if v and p lie on di erent sides of s.
According to our new approach, we maintain a list of inner segments in each vertex, so that all the
segments that are held in the list of a vertex v are in con ict with v . Each inner segment is kept in only
one list, at one of the vertices that it is in con ict with.
In the rst stage of the algorithm, we wish to locate the rst vertex v0 of the polyline in the bounding
box. To this end, we rst prepare the con ict lists by simply checking for each input line with which
vertices it is in con ict, and adding the line to one of the corresponding con ict lists at random. We
then split the bounding box using a randomly chosen splitter, and continue recursively until we reach
a nal face, that is, a face that contains v0 and that is not intersected by lines from L. It remains to
show how the con ict lists can be updated when the face is split. Let f be a face that contains v0, and
denote by s its splitter. s divides f into two sub-faces { fg , or the green face, that contains v0 , and fr ,
the red face. Let u1 and u2 be the endpoints of s. In order to construct the nal face that contains v0,
we need to work only on the green face. Notice that all the inner segments that are in the con ict lists
of the green face (i.e., correspond to vertices of f that are also vertices of fg ) are still in con ict with
v0 , so they need not be changed. The only inner segments we have to check are those that are in the
red face { for each such segment, we add it to the con ict list of u1 (if it is in con ict only with u1), u2
(similarly), one of u1 and u2 at random (if it is in con ict with both vertices), or none (in case it is in
con ict with neither u1 nor u2 , which means that it does not intersect the green face). This algorithm
guarantees that the face that contains v0 is constructed in expected time O(n log n) (see [20]).
The rest of the algorithm is very similar to the original scheme { given the next vertex along the
polyline, we rst locate the exit point from the current face, and construct the next face intersects.
However, the con ict lists in the red faces need to be updated, since the de nition of a con ict depends
on the point being located, and it has changed. Furthermore, some of the inner segments might be
missing, and we need to collect them from the relevant green face, i.e., the sibling of the red face. The
solution we implemented is to gather all the inner segments from the current face and from the sub-tree
of the sibling node, and prepare new con ict lists, as we have done for the bounding box. Once the
con ict lists are built, we continue as before.
This new algorithm, which we will denote 3b, gave a substantial performance improvement for the
cases of complex faces, with only a small degradation in the running times on other inputs, as the results
in Section 3 show.

2.4 Algorithm 4: Randomized Incremental Construction of the Zone

Recently, Har-Peled [17] gave an O((n + m) (n) log n) expected time algorithm for the on-line construction of the zone, where m is the number of intersections between and the input lines. This
improves by almost a logarithmic factor over the application of Overmars and van Leeuwen [21] for
this restricted case [3]. The algorithm of [17] relies on a careful simulation of an o -line randomized
incremental algorithm (which uses an oracle) that constructs the zone. Motivated by the algorithm of
[17], we had implemented a somewhat simpler variant. The resulting algorithm is similar to the Binary
Plane Partition (BPP, for short) algorithm presented in Section 2.3. The original algorithm of [17] is a
bit complicated, and it is not clear that it will perform in practice better than the algorithms presented
in this paper.
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The algorithm implemented is similar to the algorithm of Section 2.3, with the di erence that we
cut complex faces so that every internal node in the face tree will hold a polygon of constant complexity.
For a node v , let Rv be the polygonal region that corresponds to it (this may be a whole face in the
arrangement, as in algorithm 3, or part of a face), and let cl(v ) be its con ict list, i.e., the list of input
lines that intersect Rv .
Computing a leaf of T which contains a given point p is performed by carrying out a point-location
query, as in algorithm 3. We divert from this algorithm, in the following way: if a face Rv created
by the algorithm has more than c vertices (where c is an arbitrary constant which is a parameter of
the algorithm), we split it into two regions, by a segment s that connects two of its vertices (chosen
arbitrarily), thus generating two new children in the tree T , such that the complexity of each of their
polygons is at most dc=2e + 1 (note that s does not lie on one of the lines in L). Now, a node in T
corresponds to a polygon having at most c vertices (a similar idea was investigated in [16]). The result
is that each split operation requires only constant time (ignoring the extra time required for computing
the con ict lists). This also seems to reduce the expected depth of the tree, and we conjecture that it
is logarithmic.
To compute a face, we rst compute a leaf v of T that contains our current point p, as described
above. We next compute all the leaves that correspond to the face that contains p, by performing a
point-location query in the middle of a splitter lying on the boundary of Rv . By performing a sequence
of such point-location queries in T , we can compute all the leaves of T that correspond to the face that
contains p. Reconstructing the whole face from those leaves is straightforward.
The walk itself is carried out by computing for each face the point where the walk leaves the face,
and performing a point-location query in T for this exit point (as in algorithm 3).

2.4.1 Computing the Con ict Lists Using Less Geometry

When splitting a region Rv into two regions Rv+ ; Rv , we have to compute the con ict lists of Rv+ ; Rv .
For a line ` 2 cl(Rv ), this can be done by computing the intersection between ` and Rv+ ; Rv , but this
is rather expensive. Instead, we do the following: for each line in the con ict list of Rv , we keep the
indices of the two edges of @Rv that ` intersects. As we split Rv into Rv+ and Rv , we compute for
each edge of Rv the edges of R+v ; Rv it is being mapped to. Thus, if the line ` does not intersect the
two edges of Rv that are crossed by the splitting line, then we can decide, by merely inspecting this
mapping between indices, whether ` intersects either Rv+ , Rv , or both, and what edges of R+v , Rv are
being intersected by `. However, there are situations where this mapping mechanism is insucient.
In such cases, we use the geometric predicate SideOfLine, which determines on which side of a line a
given point lies, as illustrated in Figure 4. While there is a non-negligible overhead in computing the
mapping, the above technique reduces the number of calls to the SideOfLine predicate by a factor of
two (the predicate SideOfLine is an expensive operation when using exact arithmetic, even if ltering
is applied).

2.4.2 Optimization

In addition to caching results of computations (see Section 4.2), massive ltering was performed throughout the program. The lines are represented both in rational and oating-point representation. The
points are represented as two pointers to the lines whose intersection forms the point. Whenever the
result of a geometric predicate is unreliable (i.e., the oating-point result lies below a certain threshold)
the exact representation of the geometric entities involved are computed, and the predicate is recomputed using exact arithmetic. This ltering results in that almost all computations are carried out
using oating point arithmetic, which gives a speedup by a factor of two.
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Figure 4: Computing the con ict lists of R+v ; Rv : The lines l1 ; l2 can be classi ed by inspecting their
edge indices, and the indices mapping. The classi cation of l3 is done by inspecting its edge indices, and
computing SideOfLine of the points p; q (or q; r) relative to l3 .

3 Experiments
In order to test the programs that implement the four algorithms we described in the previous section,
we have created 10 input les (see Figure 5). Inputs 1{4 are relatively small, with input 3 checking
that the algorithm copes with the degenerate case that the polyline crosses vertices of the arrangement.
In input 5, the polyline is contained in a very complex face, with 2000 edges. Input 6 is similar {
the polyline intersects the same three faces 17 times; two of these faces are complex, with about 500
edges each. Input 7 consists of 500 random lines and a polyline which is a single line segment. Input 8 contains many small faces { there are 498 vertical lines and 2 horizontal lines, forming a grid of
almost 1500 rectangular faces; the polyline traverses 499 of them, almost 50 times each. The polyline
in input 9 repeats almost the same path 3 times. Input 10 is a larger version of input 7 { the complex
arrangement contains 2000 random lines, and the polyline crosses thousands of faces of the arrangement.
input no.
1
2
3
4
5
6
7
8
9
10
# of lines
14
45
38 104 2000 1002 500 500 228 2000
# of vertices of
7
24
5
141
48
17
2
50
23
45
the polyline
# of faces in the 19
95
27 950
1
33 232 24,403 917 7,144
zone (without (18) (94) (26) (906) (1)
(3) (232) (499) (337) (6,983)
multiplicities)
Algorithm 1
0.064 0.387 0.225 4.003 4.582 2.866 1.917 120.09 4.900 58.803
Algorithm 2
0.040 0.294 0.096 3.659 13.076 3.330 1.418 96.160 5.400 120.91
Algorithm 3
0.004 0.029 0.006 0.274 4.926 1.134 0.379 0.130 0.203 15.627
Algorithm 3b
0.003 0.032 0.016 0.391 1.573 0.451 0.258 0.161 0.184 9.568
Algorithm 4
0.009 0.030 0.012 0.275 0.982 0.358 0.090 0.184 0.134 2.701
Table 1: Summary of the test data and running times of the four algorithms described in Section 2. Times

are average running times in seconds, based on 25 executions on a Pentium-II 450MHz PC with 528MB
RAM memory.

We ran the programs on the test suite and measured average running times, based on 25 executions
(see Table 1). In general, the best results were achieved by algorithms 3, 3b, and 4, whose running
times were usually 4 to 20 times faster than those of algorithms 1 and 2. It is important to note that
each algorithm was implemented by a di erent programmer, applying di erent optimization techniques,
as will be discussed in Section 4. Comparing the performance of the programs might therefore be
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misleading with regard to the algorithms' potential performance. Nevertheless, some conclusions can
be drawn from our experiments.
Algorithms 1 and 2 do not maintain a partial arrangement, which explains why they perform very
poorly on input 8 | they need to re-compute the same faces again and again. The performance of
these algorithms is rather similar in most cases. An exception are inputs 5 and 10, where the better
asymptotic performance of algorithm 1 is apparent. As mentioned earlier, the improved maintenance
of the con ict lists reduced the running time of algorithm 3b, compared to algorithm 3, on inputs 5
and 6. Interestingly, it also performs better on the large random arrangement of input 10. Algorithm 4
gave similar results to algorithm 3b, but after massive optimization (Section 2.4.2) it surpassed it by a
factor of up to 3.

4 Discussion
In the following section, we summarize the major conclusions drawn from our experience, especially
with regard to optimization techniques.

4.1 Software Design

Motivated by the structure of the CGAL basic library [6], in which geometric predicates are separated
from the algorithms (using the traits mechanism [12]), we restricted all geometric computations in the
programs to a small set of geometric predicates. This enabled us to debug and pro le the programs
easily, and deploy caching, ltering, and exact arithmetic e ortlessly. Writing such predicates is not
always trivial, but fortunately LEDA [18] and CGAL [11] provide such implementations.

4.2 Number Type and Filtering

To get good performance, one would like to use the standard oating-point arithmetic. However, this is
infeasible in geometric computing, where exact results are required, due to precision limitations. Since
our input is composed of lines and vertices in rational coordinates, we can perform all computations
exactly using LEDA rational type, and our rst choice was to use this number type. However, LEDA
rational su ers from several drawbacks: (i) computations are slow (up to 20-40 times slower than oating
point), (ii) they consume a lot of memory, and (iii) the bit length of the representation of the numbers
doubles with each operation, which in turn causes a noticeable slowdown in program execution time.
One possible approach to improve the eciency of the representation of a LEDA rational number
is to normalize the number explicitly. However, this operation is expensive, and the decision where to
do such normalization is not straightforward.
A di erent approach is to use ltering [13]. Generally speaking, ltering is a method of carrying
out the computations using oating-point (i.e., fast and inexact) arithmetic, and performing the computations using exact arithmetic only when necessary. LEDA [5] provides a real number type, which
facilitates such ltered computations (it is not restricted to rational operators or geometric computations). Additionally, LEDA provides a ne-tuned computational geometry kernel that performs ltering.
Algorithms 1, 3, and 3b used LEDA's ltered predicates (e.g., SideOfLine), which resulted in a speedup
by a factor of two or more, compared to the non- ltered rational computations. Furthermore, one can
also implement the ltering directly on the geometric representation of the lines and points (for example, computing the exact coordinates of the points only if necessary), as was done in algorithm 4 (see
Section 2.4.2). As mentioned earlier, this technique saves a considerable amount of exact computations,
and gives an additional speedup of two.
Overall, usage of ltering resulted in the most drastic improvement in the running times of the
programs, and was easy to implement.
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4.3 Caching

One possible approach to avoid repeated exact computations is to cache results of geometric computations (i.e., intersection of lines, SideOfLine predicate, etc.). Such a caching scheme is easy to implement,
but does not result in a substantial improvement. Especially, as the ltered computations might require
less time than the lookup time. Caching was implemented in algorithms 1 and 4.

4.4 Geometry

The average number of vertices of a face in an arrangement of lines is about 4 (this follows directly
from Euler's formula). Classical algorithms rely on vertical decomposition, which have the drawback
of splitting all the faces of the arrangement into vertical trapezoids. An alternative approach is to
use constant complexity convex polygons instead of vertical trapezoids (as was done in algorithm 4
described in Section 2.4). The results indicate that this approach is simple and ecient. This idea was
suggested by Matousek, and was also tested out in [16].

4.5 Miscellaneous

Additional improvement in running time can be achieved by tailoring predicates and functions to special
cases, instead of using ready-made library (e.g., CGAL) ones. For example, knowing that two segments
intersect at a point, liberates us from the necessity to check if they overlap. Such techniques were used
in algorithms 1, 3, and 3b. Signi cant improvement can also be accomplished by improving \classical"
algorithms for performing standard operations (see, for example, Section 2.1.2).

5 Conclusions
We have presented four algorithms for on-line zone construction in arrangements of lines in the plane.
All algorithms were implemented, and we have also presented experimental results and comparisons
between the algorithms.
A major question raised by our work is what could be said theoretically about the on-line zone
construction problem. As mentioned in the Introduction, [3] proposes a near-optimal output-sensitive
algorithm based on the Overmars-van Leeuwen data structure for dynamic maintenance of halfplane
intersection. It would be interesting to implement this data structure and compare it with the algorithms
that we have implemented.
If the number of faces in the zone of the curve is small (constant), then algorithm 3b described in
Section 2.3.3 is guaranteed to run in expected time O(n log n), since in that case it is an almost verbatim
adaptation of the randomized incremental algorithm for constructing the intersection of halfplanes,
whose running time analysis is given in [20, Section 3.2]. Indeed it performs very well on inputs 5 and 6
(Section 3). Surprisingly it also performs well on an input of totally opposite nature, input 10, where
there are thousands of small faces in the zone. An interesting open problem is to extend the analysis of
[20] for the case of a single face to the case of the on-line zone construction.
Algorithm 4 is an attempt to implement a practical variant of a theoretical result giving a nearoptimal output-sensitive algorithm for the on-line zone construction [17] (the result in [17] was motivated
by the good results of algorithm 3 and di ers from it only slightly but, as mentioned above, in a
crucial factor | by subdividing large faces into constant size faces). Still, the practical variant which
was implemented has no theoretical guarantee. Can the analysis of [17] be extended to explain the
performance of algorithm 4 as well?
Finally, as mentioned earlier, the algorithms have been implemented independently, and hence there
are many factors that in uence their running time on the test suite beyond the fundamental algorithmic
di erences. We are currently considering alternative measures (such as the number of basic operations)
that will allow for better comparison of algorithm performance.
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Figure 5: The ten input suite whose details, together with the running time of the algorithms on them, are
given in Table 1.
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