
CS 473g: Algorithms, Spring 2006
Final — 1:30-4:30 PM, Tuesday, May 9, 2006

Name:

Net ID: Alias:

� This is a closed-book, closed-notes, open-brain exam. If you brought anything with you

besides writing instruments and your handwritten 81
2

′′ × 11′′ cheat sheet, please leave it at
the front of the classroom. In particular, if your cheat sheet if not hand written by yourself,

or it is photocopied, please do not use it and leave it in front of the classroom.

� Print your name, netid, and alias in the boxes above. Print your name at the top of every

page (in case the staple falls out!).

� You should answer five (5) questions on the exam. Note that the sixth question would also

be graded and will be counted as extra credit. Mark which question you would like to be

graded as extra credit. Total number of points awarded for the exam (together with

extra credit) will be maxed out at a 100.

� The last few pages of this booklet are blank. Use that for a scratch paper. Please let

us know if you need more paper.

� Please submit your cheat sheet together with your exam. An exam without your

cheat sheet attached to it will not be checked.

� If you are NOT using a cheat sheet indicate it in large friendly letters on this page.

� Questions containing the expression: \I

dont know", will get 25% of the points of

the question. If you write anything else, it

would be ignored.

� The total number of points given for \I dont

know" answers, will not exceed 10. In any

case, IDK points will not be counted to-

wards extra credit.

� Write short and concise answers. Long
and tedious answers will be graded un-
favorably.

� Time limit: 175 minutes.

� Relax.
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CS 473g Final Questions (Tuesday, May 9, 2006) Spring 2006

1. Matchings

[20 Points]

Your mission, if you decide to accept it, is to prove the following theorem.

Theorem 0.1 Let G be an undirected graph with n vertices, and let M be a matching

in G. Furthermore, let T be a maximum size matching, and k = |T | − |M |. Then the

matching M has k vertex disjoint augmenting paths, and at least one of them is of

length ≤ n/k − 1.

(When asked to provide the proof of something, please write only the proof down. You would

lose points for writing irrelevant text, restating unnecessary facts, or writing a proof which

is not a 100% correct. In short, be concise.)

2. Covering & Approximation

[20 Points]

(A) [5 Points] You are given an instance of Largest Cover.

Problem: Largest Cover

Instance: (S,F)
S - a set of n elements

F - a family of subsets of S, such that
⋃

X∈F X = S.

Output: A set X ⊆ F such that X is as large as possible, and all the

sets of X are disjoint.

Prove that Largest Cover is NP-Hard. (Hint: You should probably resist the temp-

tation to do a reduction from Set Cover.)

(B) [10 Points] It is easy to verify that Largest Cover can not be well approximated in

general. However, if all the sets of F are of size k (where k is a small constant) then the

problem is more manageable. In particular, let Largest k-Cover be this variant of

the problem, and let (S,F) be the given instance of Largest k-Cover, where n = |S|
and m = |F|. Provide a k-approximation algorithm for this problem. Prove that your

algorithm provides the required approximation. How fast is your algorithm?

(C) [5 Points] Show that Largest 2-Cover can be solved in polynomial time.

3. Randomization

[20 Points]

(This question was rewritten after the exam. The version in the exam was harder and also

incorrect.)

1



CS 473g Final Questions (Tuesday, May 9, 2006) Spring 2006

max
n∑

j=1

cjxj

s.t.

n∑
j=1

aijxj ≤ bi,

for i = 1, . . . ,m,

xj ≥ 0,

forj = 1, . . . , n.

min
m∑

i=1

biyi

s.t.

m∑
i=1

aijyi ≥ cj ,

for j = 1, . . . , n,

yi ≥ 0,

fori = 1, . . . ,m.

(a) primal program (b) dual program

Figure 1: Dual linear programs.

Let RandomizedIndepedentSet (in short form RIS) be the algorithm that receives as an

input an undirected graph G with n vertices and m edges, and outputs an independent set

in G. The algorithm works by randomly permuting the vertices, and let v1, v2, . . . , vn be

the vertices in their random order. In the ith iteration, the algorithm RIS adds vi to the

independent set if none of its neighbors is already in the constructed independent set.

(A) [10 Points] Give a simple lower bound on the probability for a vertex v to be in the

independent set.

(B) [10 Points] Give a simple closed form formula that bounds from below the expected

number of nodes in the independent set generated by RIS. Give a concise explanation of

why your answer is correct. Show an example where your formula is tight.

(C) [3 Points] (Extra credit.) Prove that linearity of expectations holds. Formally, let X and

Y be two random variables that have integer values. Prove that E[X + Y ] = E[X]+E[Y ].

4. Linear programming

[20 Points]

(A) [10 Points] Prove that the the following problem in NP-Hard.
Problem: Integer Linear Programming

Instance: A linear program in standard form, in which aijs, bis and cjs are

only integers.

Question: Is there a solution for the linear program, in which the solution

x = (x1, . . . , xn) must take integer values?

(B) [10 Points] Prove the weak duality theorem.

Theorem 0.2 If (x1, x2, . . . , xn) is feasible for the primal linear program and (y1, y2, . . . , ym)
is feasible for the dual linear program, then∑

j

cjxj ≤
∑

i

biyi.
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5. Greedy algorithm does not work for maximum clique.

[20 Points]

A natural algorithm, GreedyClique, for computing maximum clique in a graph G = (V,E),
works by �nding the highest degree vertex v in the graph that was not visited yet, removing

all the vertices that are not neighbors of v, and repeating this process on the remaining graph

(of course, v is marked so that it can not be picked in the following iterations). Clearly, once

all the vertices in the remaining graph were visited then what we have is a clique of the

original graph.

(a) [10 Points] Show an example, where this algorithm fails to output the optimal solution.

In fact, prove that its approximation guarantee is worst than, say, n/100, where n is the

number of vertices in the graph.

(b) [10 Points] Let G be a graph where every vertex has degree at least n − k, where k is

a parameter. Prove that the above algorithm outputs a clique of size Ω(n/k) for such a

graph.

6. Maximum Flow By Scaling

[20 Points]

Let G = (V,E) be a ow network with source s, sink t, and an integer capacity c(u, v) on

each edge (u, v) ∈ E. Let C = max(u,v)∈Ec(u, v).

(A) [2 Points] Prove that a minimum cut of G has capacity at most C|E|.
(B) [5 Points] For a given number K, show that an augmenting path of capacity at least K

can be found in O(E) time, if such a path exists.

MaxFlowByScaling(G, s, t)
1 C ← max(u,v)∈Ec(u, v)
2 initialize ow f to 0
3 K ← 2blg Cc

4 while K ≥ 1 do f

5 while (exists an augmenting path

p of capacity at least K) do f

6 augment ow f along p

g

7 K ← K/2
g

8 return f

(C) [3 Points] The modi�cation of

Ford-Fulkerson method depicted

on the right can be used to com-

pute a maximum ow in G. Prove

that MaxFlowByScaling returns

a maximum ow.

(D) [4 Points] Show that the capac-

ity of a minimum cut of the resid-

ual graph Gf is at most 2K|E|
each time line 4 is executed.

(E) [4 Points] Prove that the inner

while loop of lines 5-6 is executed

O(E) times for each value of K.

(F) [2 Points] What is the running time of MaxFlowByScaling?
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