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(1) For the occupancy problem, show that for m = n lnn, with probability at least 1− o(1),
every bin has at most O(log n) balls in it.

(2) Is the Markov inequality tight?

(i) For an integer k, define a non-negative random variable Xk, such that E[Xk] = 1,
and Pr[Xk ≥ k] = 1/k. Namely, Markov’s inequality can be tight for any k.

(ii) Consider a positive integral random variable X with ∆ = E[X], Furthermore, for
any number x, there exists an integer y > x, such that we have Pr

[
X ≥ y∆

]
≥ c

y
,

where c > 0 is some arbitrary constant.
Prove, that no such random variable X exists. Namely, Markov’s inequality can
not hold for too many times for a random variable.

(3) Concentration by Chebyshev inequality.

Consider a coin that return head with probability 1/2 + α, where α > 0 is fixed. Let µ
be a number in the range (0, 1). What is the number of times we have to flip the coin
till we get at least (1 + α/2)n heads, with probability ≥ 1− µ, when flipping the coin n
times? Give a bound as tight as possible using Chebyshev inequality.

Formally, let Xn be the total number of heads when flipping the coin n times. Give a
lower bound on n, for which we have that Pr[Xn ≥ (1 + α/2)n] ≥ 1− µ.

(4) The exploding occupancy problem.

You are throwing balls into m bins. If a bin is not empty, you empty the bin (since the
bin exploded from having too many balls in it). Namely, as soon as a bin has two or
more balls, you throw away these balls and empty the bin (i.e., at any points in time, a
bin is either empty or contains a single ball).

(i) Prove that if you thrown in n/4 balls, then in expectation, at least n/8 bins are
non empty in the end of throwing the balls.
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(ii) Prove that after O(n2) balls thrown into the bins, at some point there were (at
least) n/2 non-empty bins, and this holds with probability, say, larger than 3/4.
(Hint: Let Xi be the number of non-empty bins in the ith iteration. Define a
variable Yi (somehow) such that Xi ≥ Yi, then using Exercise (3), argue that for i
sufficiently large, Yi ≥ n/2 with the required probability.)
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