
Homework 3, Due 23:59:59, 3/18/2014 - slide it under the door
of my office (SC 3306)

CS 574 - Randomized Algorithms - Spring 2014

March 17, 2014

Version: 0.96

General Policy. See previous homework.

Problems

1. Heavy time. [40 Points]
You are given a set P of n numbers on line. For a real number ρ > 0, a ρ-sample R is a sample
from P, where every number is sampled with probability ρ. We break the real line into maximum
length (open) intervals that do not have a point of R in their interior, and let I(R) let be this set
of intervals. Observe that |I(R)| = |R| + 1 and it contains two unbounded intervals on the left and
right.

(A) Consider two independent ρ-samples R1, R2, and consider their union R1 ∪ R2. Prove that
this is a ρ′-sample for the appropriate value of ρ′. What is exactly the value of ρ′ (as a
function of ρ)?
Let X = |I(R)|. What is µ = E[X]? Give a reasonably tight bound on the probability that
X /∈ [0.5, 1.5]µ.

(B) The weight of an interval I ∈ I(R) is the number of points of P that intersect I. Given a
specified number α (that is not in P, let Y be the weight of the interval I(α) of I(R) that
contains α. Let µ be the expected value of Y . What is the value of µ (a relatively tight
upper bound is good enough here)?
For any t ≥ 1, prove that Pr[w(I(α)) > tµ] ≤ 1/2Ω(t).

(C) (Hard.1) An interval I ∈ I(R) is t-heavy if w(I) ≥ tµ, where R is a ρ sample, and µ is as
defined above. Let I≥t(R) be the set of all the t-heavy intervals in I(R). Prove that

E
[
|I≥t(R)|

]
≤ 1

2Ω(t) E
[
|I(R)|

]
.

Hint: Think about the sample R as a union of two independent samples, in the spirit of
(A), and continue from there. You can consider ρ < 1/4 if it helps.

(D) Let c ≥ 1 be an arbitrary constant. Using (C), which you can assume holds even if you
were not able to prove it, prove that E

[∑
I∈I(R) (w(I))c

]
= O(ρ1−cn).

1I would not be surprised if nobody solves this part – do not ask for further hints for this part. Of course, it might
turn out to be easier than I predict.
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2. The exploding bins revisited. [20 Points]
(A) Consider a coin that is heads with probability 1/2 + α and tails otherwise. Using Chernoff

inequality, provide a bound n(α, k, ρ) on the number of times one has to flip this coin before
one gets k more heads than tails, with probability at least 1 − ρ.

(B) Revisit the exploding bins problem from the previous homework, and prove a bound on the
number of balls that have to be thrown till half of the bins are full (at some point), with
probability at least 1 − 1/n10.

3. Bipartite expanding thingy. [20 Points]
Use the probabilistic method to show that a bipartite expanding graph with the following properties
exists for n sufficiently large:

(i) |L| = |R| = n.
(ii) Every vertex in L has degree n3/4, and every vertex in R has degree at most 3n3/4.
(iii) Every subset of n3/4 vertices in L has at leat n − n3/4 neighbors in R.

4. Lazy and cheap. [10 Points]
Assume, that you have access to the graph from the previous question. Show how to imple-
ment LazySelect (see in class, see http://sarielhp.org/teach/13/b_574_rand_alg/lec/05_
occupancy_II.pdf) using only O(log n) bits. Prove that the expected running time of the new
version of LazySelect is O(n).

5. Some probability required. [10 Points]
Use the probabilistic method to prove the following. Let G = (V, E) be a given graph with n
vertices and minimum degree δ > 10. Prove that there is a partition of V into two disjoint subsets

X and Y so that |X| ≤ O

(
n ln δ

δ

)
and every vertex of Y has at least on neighbor in X and at

least one neighbor in Y .
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