
Final Exam
CS 574: Randomized Algorithms, Spring 2014
Final — 8:00-11:00, SC 1105, Wednesday, May 14, 2014

Name:
Net ID:

• This is a closed-book, closed-notes, open-brain exam. If you brought anything with you besides
writing instruments and your handwritten 81

2
′′×11′′ cheat sheet, please leave it at the front of the

classroom. In particular, if your cheat sheet if not hand written by yourself, or it is photocopied,
please do not use it and leave it in front of the classroom.

• Print your name, netid, and alias in the boxes above. Print your name at the top of every page
(in case the staple falls out!).

• You should answer all questions on the exam.
• The last few pages of this booklet are blank. Use that for a scratch paper. Please let us know if

you need more paper.
• Please submit your cheat sheet together with your exam. An exam without your cheat sheet

attached to it will not be checked.
• If you are NOT using a cheat sheet indicate it in large friendly letters on this page.

• Write short and concise answers. Long and tedious answers will be
graded unfavorably.

• If you do not know the answer to a question write nothing (or write IDK, see below). We will
not hesitate to give zero for a nonsense answer filling numerous pages. Spend your time wisely on
solving problems and not in writing nonsensical answers.

• Questions containing the expression: “I don’t know”, will get
25% of the points of the question. If you write anything else, it
would be ignored.

• The total number of points given for “I don’t know” answers, will
not exceed 10 for the whole exam.

• Time limit: 175 minutes.
• Relax.

# Score IDK
Score

Extra
Credit

1.
2.
3.
4.
5.

Total



2



1. Unconditional fast QuickSort. (20 pts.)
Using only conditional expectations and Markov inequality (no Chernoff, Azuma’s inequality,

Martingales or similar tools), prove that QuickSort takes O(n log n) time with probability ≥
1 − 1/n5.

(Proving the running time bound in expectation only would give you half the points. In any
case, your solution should be short and sweet – here and in the rest of the exam you would lose
points for writing unnecessary text.)
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2. Ill Met in Lankhmar. (20 pts.)
There are k players located initially at locations α1, . . . , αk (all are integers) on the real line.

At each step of time, each player either moves left by one unit, or right by one unit, with equal
probability (and independently for each player).

(A) (10 pts.) For i sufficiently large, what is the probability of a specific player to be in the
origin at time i? Give the exact expression for this probability, and then provide tight upper
and lower bounds – simplify these bounds as much as possible (they should be tight up to
constant factors).

(B) (10 pts.) A meeting is a time when all the players are located in the origin. What is
(asymptotically) the expected number of meetings, as this random walk continues forever, for
k = 2, 3 and k = 4? Prove your answer.
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3. JL Lemma works for angles. (20 pts.)

Theorem 0.1 (Johnson-Lindenstrauss lemma.) Let X be an n-point set
in IRd, and let ε ∈ (0, 1] be given. Then, a random linear transformation
embedding IRd into IRk is (1+ ε)-embedding of X, where k = O(ε−2 log n). The
probability this transformation has this desired properties is ≥ 1 − 1/nO(1).

Prove that the above Johnson-Lindenstrauss lemma also (1 ± ε)-preserves angles among triples
of points of X (you might need to increase the target dimension however by a constant factor).
Formally, for points p, q, r we define the angle ∠pqr as the angle between the vectors q⃗p and q⃗r
(i.e., take the plane spanned by the three points, and measure the angle between the segment qp
and qr in this plane).
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4. Finding the k nearest neighbors.
(20 pts.)

For a set P of n points in the plane, one can build a data-structure D(P), with the following
bounds:

(A) It uses S(n) = O(n) space.
(B) It takes TP (n) = O(n log n) time to build it.
(C) Given a query point q, it can compute the nearest point to q in P, in Q(n) = O(log n)

time.

You are given a set P of n points in the plane, and a parameter k. Describe how to build
a data-structure that can return (quickly), the k nearest points in P to a given query point q.
Specifically, once constructed the data-structure might be used to answer a large number of such
queries for different query points.

For example, in the following figure, P = {p1, p2, p3, p4, p5, p6}, and the 2 nearest points to the
query point q in P, are the points p3 and p6.

p3

p6
q

p1

p2

p5

p4

The result returned by the data-structure for a specific query point should be correct with
probability ≥ 1 − 1/nO(1).

Prove the bounds on the running time/space/query time of your data-structure, and prove
that the probability of success of your data-structure is as desired.

[Hint: This is a randomized algorithms class, so you might want to use randomization. You
probably want to use the data-structure D above as a black box. As a warm-up exercise for
yourself, think about the case k = 2.]
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5. Balls and bins.
(20 pts.)
(A) (10 pts.) You are throwing n balls into n bins. If a ball is thrown into a bin that already

contains a ball, then the ball is rejected and is put aside (i.e., a bin can contain only a single
ball). What is the expected number of balls that are stored in the bins in the end of the game?
Explain (or prove) why this random variable is strongly concentrated.

(B) (10 pts.) Lets change the game. Initially, we have n0 = n balls. In the beginning of the
ith round, we first empty the bins (if they contain balls from the previous round), and these
balls are removed from the game. Next, we throw the ni−1 balls (that were rejected in the
previous round) into the bins. As before, a ball is rejected if it is thrown into a bin that
already contains a ball. Let ni be the number of balls that were rejected during the ith round.
What is the expected number of rounds till no balls remain? (The “easy” upper bound would
give you half the credit, the correct answer here is somewhat harder, so you might want to
tackle it only if you have extra time.)
Prove your answer. A bound without a proof would give you no points at all.
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Do not separate this page from the rest of the exam.
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