
HW 1 Due on Monday, September 23, 2019 at 10am

CS 498: Introduction to Randomized Algorithms, Fall 2019 Version: 1.1

The homeworks can be submitted in groups of any size, as long as the size is at most 3. The
solution should be typed using latex (with no errors), and the pdf should be submitted electronically on
gradescope.

If you get a considerable amount of information from somebody you should mention it in your
solution (which is quite alright). As for google policy, a lot of homework questions might have solutions
on the web (hopefully not, but I can not be sure). I would prefer if you try to solve them without
searching on the web, but if you use solutions found on the web, you should explicitly say so in your
solution (and provide the link!). In any case, I expect you to write your solution on your own (i.e., cut
and paste is not acceptable), since the homeworks are there to demonstrate that you know the material
and understand it.

If you have any questions, feel free to email me.
Grade policy. Homeworks would be 25% of the final grade. The main purpose of the homeworks is to
prepare you for the midterms. I would recommend that you individually spend significant time trying
to solve the homeworks on your own, but this is up to you.
Solutions. No solutions to the homeworks would be posted.
Planned # of homeworks would be in the range 7-10.

1 (100 pts.) Some probability required.

1.A. (20 pts.) Let π be a random permutation of JnK = {1, . . . , n} (you can assume n > 10), and
let Ei be the event that πi = min(π1, . . . , πi), and let Xi be its indicator variable.
Prove that E[

∑
iXi] = O(log n).

1.B. (20 pts.) Prove that E[
∑

iXi] = Ω(log n).
1.C. (20 pts.) Prove that Xi and Xi−1 are random independent variables.
1.D. (20 pts.) Let Xi1 , . . . , Xik be subset of the variables of {X1, . . . , Xn} that does not contain

Xi. Prove that Pr
[
Xi = x

∣∣∣Xi1 , . . . , Xik

]
= Pr[Xi = x]. That is Xi is independent of any

subset of the other variables. Why doesn’t (B.2) implies this claim?
1.E. (20 pts.) Consider another random permutation (picked uniformly out of the set of permu-

tations) σ of JnK. Let Yi be the indicator variable to the event that πi = min(π1, . . . , πi) and
σi = min(σ1, . . . , σi). Provide an upper and lower bounds (hopefully equal up to a constant)
for f(n) = E[

∑n
i=1 Yi]. What is lim∞n=1 f(n)?

2 (100 pts.) Cuts and stuff.

2.A. (20 pts.) Consider a graph G = (V,E) with n vertices, m edges and a min cut of size k.
Let F be the collection of all min-cuts in G (i.e., all the cuts in F are of size k). What is
the probability that MinCut (the simpler variant – see class notes) would output a specific
min-cut S ∈ F?
(Here, we are looking for a lower bound on the probability, since two minimum cuts of the
same size might have different probabilities to be output.)
[And yes, this is easy.]
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2.B. (20 pts.) Bound the size of F (Hint: Use previous part).

2.C. (20 pts.) A good cut is a cut (S, S) such that the induced subgraphs GS and GS are
connected.
Consider a specific good cut C =

(
S, S

)
with kt edges in it, where t ≥ 1. What is the

probability that MinCut would output this cut? (Again, prove a lower bound on this
probability.)

2.D. (20 pts.) Consider the set F(t) of all good cuts in G of size at most kt. Bound the size of
F(t).

2.E. (20 pts.) Consider the set F ′(t) of all cuts in G (not necessarily all good) of size at most kt.
Bound the size of F ′(t).

3 (100 pts.) Binom games.

The following requires some tedious calculations, but hopefully would provide you with some
intuition about the binomial distribution. Please use only elementary calculations in solving this
problem (so, no Stirling’s formula, or similar frightening stuff). You would probably need the
following two formulas:

(i) 1− x ≤ exp(−x) and 1 + x ≤ exp(x), for all x ≥ 0.
(ii) (1− x)(1− y) ≥ 1− x− y, for all x, y ≥ 0.

Assume n is some positive even integer, such that
√
n is also an integer number.

3.A. (10 pts.) Prove that
(

2n
n+k

)
=
(

2n
n−k

)
.

3.B. (20 pts.) For any k ≤ n, prove that α(k) =
( 2n
n+k)
(2n

n )
≥ (n−k+1)k

(n+k)k
≥ 1− 2k2

n
.

3.C. (10 pts.) Prove from (B) that α(
√
n/2) ≥ 1/2.

3.D. (10 pts.) Prove from (C) that
(
2n
n

)
≤ c2

2n
√
n
, for some absolute constant c.

3.E. (10 pts.) Prove that α(k) ≤ exp(−k2/2n)

3.F. (10 pts.) Prove that for any integer t ≥ 0, we have
∑(t+1)

√
n−1

k=t
√
n

α(k) ≤ c′ exp(−t2/2), (t is at
most

√
n− 1), for some absolute constant c′ (Hint: Use (D) and (E)).

3.G. (20 pts.) Prove that 22n =
∑2n

i=0

(
2n
i

)
≤ c′′
√
n
(
2n
n

)
, for some absolute constant c′′.

3.H. (10 pts.) (Really easy.) Prove that
(
2n
n

)
≥ 22n

c′′
√
n
.

3.I. (Not for submission, but follows from the above [essentially Chernoff inequality].) Let
X1, X2, . . . , Xn be independent random variables that are 0 or 1 with equal probability. Let
Y =

∑n
i=1Xi. For any ∆ ≥ 0, prove (using the above) that

Pr[Y ≥ n/2 + ∆] ≤ c3 exp
(
−∆2/2

)
,

where c3 is some absolute constant.
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