
HW 3 Due on Monday, October 21, 2019 at 10am

CS 498: Introduction to Randomized Algorithms, Fall 2019 Version: 1.1

Submission guidelines same as previous homework.

7 (100 pts.) Preserve this.

7.A. (50 pts.) Prove that given a set P of n points, and a set L of n lines in Rd, the JL lemma
preserves the distances between points in P and lines in L.
Hint: when considering a point p and a line `, pick two points on `, such that the triangle they
form with p is preserved approximately under the transformation M (i.e., the “projection”
from the JL lemma). Observe that M` is a line that contains one of the sides of this triangle.
Now argue that the height of this triangle, is approximately preserved, thus implying that
the distance between Mp and M` is a good approximation.

7.B. (50 pts.) Prove that the projection of the JL lemma preserves the areas of triangles induced
by a set P of n points. That is, for any p, q, r ∈ P , we have area(4pqr) is approximately
the same as area(4MpMqMr). What is the quality of approximation as is the quality of
approximately as a function of ε and n?

8 (100 pts.) Ballmania.
The following two (sub)problems are variants of the classical coupon collector problem, and both
variants have somewhat surprising answers. Part (B) is easier, and you might want to try doing
it first.

8.A. The weights decrease.
In the game Ballmania, you are given a holy urn with n balls b1, . . . , bn, labeled by 1, . . . , n,
respectively. Initially, the weights of the balls are all one (i.e., wi = 1, for all i). At each
iteration of the game, you randomly pick a ball, decrease its weight by half (i.e., wi ← wi/2)
and put it back in the urn. Here, the probability of picking a ball bi is wi/

∑
j wj.

Provide upper and lower bounds, as tight as possible, on the expected number of rounds, till
all the n balls in the urn are encountered.

8.B. The weights increase.
Consider the same settings as above, except that the weights increase. Specifically, if you
pick the ball bi, its weight becomes wi ← wi + 1.
Similar in spirit to the above, provide upper and lower bounds, as tight as possible, on the
number of rounds, till all the n balls in the urn are encountered, and this happens with
probability at least half. (The expectation in this case is somewhat harder to bound.)

9 (100 pts.) Strong independent set.
Let G be a graph with n vertices and m edges. A strong independent set S ⊆ V(G) is an
independent set, such that no two vertices in S are adjacent, and furthermore, no pair of vertices
in S, have a common neighbor in G. Computing the largest such set is surely NP-Hard. Let α∗

be the size of the largest strong independent set in G.
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A fractional solution, assigns every vertex v ∈ V(G), a real value xv ∈ [0, 1], such that for any
vertex u ∈ V(u), we have the property that

xu +
∑

w∈Γ(u)

xw ≤ 1,

where Γ(u) are all the vertices adjacent to u in G. Assume that the given fractional solution
maximizes α =

∑
v∈V xv.

Argue that α ≥ α∗. Next, describe a polynomial time algorithm (when you are given the optimal
fractional solution) that computes a regular independent set in G of size at least Ω(α/ log n).
(Hint: Pick a vertex v ∈ V(G) into a set X with probability xv. Modify X so that it becomes an
independent set by deleting “bad” vertices somehow.
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