
Computational Geometry
Exercise 1

Due: 2/21/2000

1 Exercise 1

1.1 Width and Diameter

1. (20) Let P be a point set in the plane. Let p, q ∈ P be the pair of points realizing the
diameter of P . We define Rv(P ), for a vector v, to be the smallest rectangle that contains
all the points of P , and one of its edges is parallel to v. Prove that Area(Bv(P )) ≤
2Area(Bopt(P )), where Bopt(P ) is the smallest area enclosing rectangle of P .

2. (25) The width of a point set P , is the minimal distance between two parallel planes (or
lines in the plane) that contain P between them. Give a constant factor approximation
algorithm to the width in the plane that runs in linear time.

3. (20) Show how to ε-approximate the diameter in arbitrary dimensions using WSPD.

4. (hard - bonus question) Prove that a convex body P in d-dimensions of volume at least
c > 0 (a prescribed constant), which is contained inside the unit cube U , must contain a
“large” subcube. Namely, there exists a constant c′ > 0 (which is function of c and d), and
a vector v. so that c′U + v ⊆ P ⊆ U .

1.2 Grids and Approximation

1. (10) A set A is called convex if for any pair of points p, q ∈ A, the segment pq is contained
in A. The Mankowski sum of two sets A,B in IRd is

A⊕B =
{
a+ b

∣∣∣ a ∈ A, b ∈ B} .
Prove that if A,B are convex then A⊕B is also convex.

2. (20) Let Br denote the ball of radius r centered at the origin. Let P be a convex polytope
in 3-dimensions. Describe an algorithm that computes P ⊕ Br (namely, the algorithm
outputs the boundary of P ⊕Br. (hint: the algorithm should work in linear time)
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3. (60) Let Gl denote the integer grid in d-dimensions, resized so there is distance l between
its points. Let C be a convex body in d-dimensions, of diameter w. The discrete hull of
DCH(C), is the convex hull of all the points of Gl lying inside the body C. Prove that for
d = 2 the number of vertices of DCH(C) is O((w/l)2/3).

4. (60) Two positive natural numbers i < j form a primitive pair if their gcd is 1. Let φ(j)
denote the Euler function - this is the number of i, so that i < j and (i, j) is a primitive
pair. Prove that

∑n
i=1 φ(i) = Ω(n2).

Hint: A rational number r can be mapped to a line y = rx. All the different rational
representations of r are now grid points that lie on this line. The primitive pair (i′, j′) that
represents r = i′/j′, is simply the point of the grid that lies on the line and is closest to
the origin. Note that a grid point is covered by a single such line. In particular, count the
number of points of the grid [1,m]× [1, n] that are covered by lines having denominator j′.

5. Prove that there exists a convex body of diameter w in the plane, so that its discrete hull
(using the regular integer grid) is of complexity (i.e., the number of its vertices) is Ω(w2/3).
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