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1 Introduction

Let P be a set of points IRd, where d is a constant denoting the dimension. We say that point-
sets A and B are em well-separated iff they can each be enclosed in d-spheres of radius r whose
distance of closest approach is at least sr, where s is a positive real number we refer to as the
em separation.

We define the interaction product , denoted ⊗ , between any two point-sets a and B as follows:

A⊗B =
{
{p, p′}

∣∣∣ p ∈ A, p′ ∈ B, andp 6= p′
}

Note that P ⊗ P is the set of all distinct pairs of points in P .
A set M = {{A1, B1} , . . . , {Am, Bm}} of pair of non-empty subsets of A and B is said to be

a well-separated realization of A⊗B iff:

i Ai ∩Bi = ∅.

ii (Ai ⊗Bi) ∩ (Aj ⊗Bj) = emptyset.

iii A⊗B =
⋃
iAi ⊗Bi.

iv Ai and Bi are well separated.

We define a well-separated pair decomposition of P to be a structure consisting of a binary
tree T associated with P , and a well separated realization of P ⊗ P such that all Ai and Bi in
the realization are nodes in T .

For a WSPD M , let V () be a function that pick from each node in the tree T a rep-
resenting point. For a pair (A,B) ∈ M , let E((A,B)) = (V (A), V (B)). Let G(P,M) =(
P,
{
E(A,B)

∣∣∣ (A,B) ∈M
})

. The graph G(P,M) is the graph induced by the WSPD M

over the point-set P .
For a pair of points p, q ∈ P , let E(p, q) = E(A,B), where (A,B) is the pair in the decom-

position M , such that p ∈ A, q ∈ B. Intuitively, this is the “replacement” edge provided by the
WSPD M .
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Let T be the minimum spanning tree of P , and let TM be the graph formed by replacing each
edge (p, q) of T by E(p, q).

Corollary 1.1 For two points p, q ∈ P , and WSPD M with s > 2, we have |pq|(1 − 4/s) ≤
|E(p, q)| ≤ (1 + 4/s)|pq|.

Lemma 1.2 For s = 4/ε, the graph TM is connected, and provides an (1 + ε)-approximation to
the minimum spanning tree of P .

Proof: The quality of approximation follows from Corollary 1.1.
Let Fj = (P,Ej) be the graph consisting of all the first j shortest pairs in P . Let F T

j be the
graph Fj ∩ T . Clearly, F T

n
2

is just the minimum spanning tree T .

If we compute the spanning tree T using the Kruskal algorithm, we know that the connected
components of Fj and F T

j (see [CLR90]).are identical (i.e., two points are connected in F T
j if and

only if they are also connected in Fj).
Let M be the WSPD of P , and let Tj be the graph resulting from replacing each edge (a, b)

of F T
j by E(p, q). We claim that F T

j and Tj have the same connected components. Indeed, for
j = 0 the claim trivially holds. For j > 0, let ej = (aj, bj) be the j-th edge of F T

j . If F T
j and

F T
j−1 have the same connected components we are done.

‘Otherwise, let (Aj, Bj) be the pair in the WSPD covering ej. Since s > 2, all the distances
between points of Aj is smaller than |ajbj|, and thus all the vertices of Aj (Bj) are in the same
connected component of Fj−1, and thus of F T

j−1. By induction, all the vertices of Aj (Bj) are
also in the same connected component of Tj−1.

Namely, Aj and Bj are being merged into a single connected component by the addition of
the edge ej, but e′j = E(Aj, Bj) do exactly the same thing in Tj. Namely, Aj ∪Bj are in a single
connected component of Tj. And the lemma follows, as Tnchoose2 = TM .

Lemma 1.3 One can compute a (1 + ε)-approximation to the minimum spanning tree of a set
P of n points in d dimensions, in O(n log n) time in d-dimensions. (the constant is exponential
in

1/ε

and d)

Proof: Compute a WSPD M of P in O(n log n) time. Compute the graph G(P,M), and
compute is minimum spanning tree T . Since the weight of T is smaller than the weight of TM ,
it follows that it is indeed an (1 + ε)-approximated minimum spanning tree of P . As for the
running time complexity, note that the number of edges of G(P,M) is linear, and thus computed
the minimum spanning tree takes O(n log n) time [CLR90].

In fact, the graph G(P,M) is much stronger - it provides a spanner for the points of P .

Definition 1.4 For a graph G, a t-spanner of G is a graph G′ so that for any pair of vertices
p, q of G, we have:

dG(p, q) ≤ dG′(p, q) ≤ (1 + t)dG(p, q),

where dG(p, q) denotes the shortest path in G between p and q. In our case, we will associate
with each edge, its length to be its Euclidean length.
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Lemma 1.5 For s = 2 + d8/εe, the graph G(P,M) is an ε-spanner of the Euclidean graph.
Namely, the distance between any pair of points of P is (q + ε) approximated by the distance of
those points in G(P,M).

Proof: The proof is by induction on the pairs ordering according to their length. Consider a
pair p, q ∈ P . The graph G = G(P,M) contains the edge (p′, q′) = E(p, q). By Corollary 1.1,
|p′q′| ≤ (1 + ε/2)|pq|.

On the other hand, by our induction hypothesis p, p′ and q, q′ are connected in G(P,M) by
shorter edges, and dG(p, p′) ≤ (1 + ε)|pp′|, and dG(q, q′) ≤ (1 + ε)|qq′|. Thus,

dG(p, q) ≤ dG(p, p′) + dG(p′, q′) + dG(q′, q) ≤ (1 + ε)|pp′|+ (1 + ε/2)|pq|+ (1 + ε)|qq′|.

Note, however, that |pp′|, |qq′| ≤ (2/s)|pq| ≤ (ε/4)|pq| by the WSPD properties. Thus,

dG(p, q) ≤ 2(ε/4)|pq|+ (1 + ε/2)|pq| = (1 + ε)|pq|,

as required.
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