
Computational Geometry - notes

Polynomial time approximation scheme for Euclidean
Traveling Salesman

2/9/2000

Based on result by S. Arora [Aro97]. Similar result was attained independently by J. Mitchell
[Mit98]. As Arora result is somewhat more general, its the one presented.

1 Essential Properties

Minimum Traveling Salesperson

Instance: Set C of m cities. Distances d(ci, cj) for any pair of cities ci, cj ∈ C.
Solution: A tour of C. Namely, a permutation π of the cities.
Measure; The length of the tour.

d(cπ(m), cπ(1)) +
m−1∑
i=1

d(cπ(i), cπ(i+1)).

Translation: Find the cheapest way to travel through all the cities (and coming back).

Problem is NP -Complete.

Definition 1.1 The metric TSP is an instance of TSP where the triangle inequality holds for
the distances between the cities. Namely, ∀a, b, c ∈ C, we have d(a, c) ≤ d(a, b) + d(b, c).

Definition 1.2 Euclidean TSP is an instance of the metric TSP were, the cities are points in
IRd, and the distance between two cities is the Euclidean distance between two cities.

Lemma 1.3 One can compute a factor-2 approximation to the metric TSP in O(n2 log n) time.

Proof: Compute the MST. Create a tour from the MST, Use shortcutting to turn this into a
tour visiting each city only once.

Lemma 1.4 (Christofidis, 76) One can compute a 3/2-approximation to the metric TSP.
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Proof: Let Wopt be the minimum weight TSP. Note that Wopt/2 is an upper bound on the
weight of any minimum weight matching of subset of its vertices, since one can generate two such
matchings for the TSP tour by shortcutting. In particular, let T be an MST of the points. Let C ′

be the set of cities of odd degree in T . We know that |C ′| is even. Compute a minimum weight
matching M of the cities of C ′. Clearly, Weight(T ∪M) ≤ (3/2)Wopt. On the other hand, the
graph T ∪M is Eulerian (since it is connected and the degree of all its vertices is even.). Extract
from this Eulerian path a tour π of the cities. Clearly, Weight(π) ≤ Weight(T∪M) ≤ (3/2)Wopt.

2 Euclidean TSP in the plane

We can assume that our points have integer coordinates, and are in the range 0..L where L =
O(n2) is an integer (find the bounding cube of the input, partition it into cn2 × cn2 grid. Snap
each point to the closest point of the grid. Error added is smaller than O(Wopt/n). We can thus
assume that the distance between two input points is at least 8, and L is a power of 2.

We construct a quadtree of the snapped input, where (a, b) are random shift The quadtree
partition shifts accordingly ((a, b) is the center of the new partition. Cells might wrap around).

Definition 2.1 Let m, r be positive integers. An m-regular set of portals for a shifted dissection
is a set of points on edges of the squares i it. Each square has a port at each of its 4 corners and
m other equally spaced portals on each edges.

The salesman path is (m, r)-light with respect to the shifted dissection if it crosses each edge
of each square in the dissection at most r times and always at a portal.

Note that our path is going to be a “bent” path going through the portals.

Theorem 2.2 (Structure Theorem) Let c > 0 be any constant. Let the minimum nonzero
internode distance in a distance instance to be 8 and let L be the size of its bounding box. Let
shifts 0 ≤ a, b ≤ L be picked randomly. Then with probability of at least 1/2, there is a salesman
path of cost at most (1 + 1/c)-OPT that is (m, r)-light with respect to the dissection with shift
(a, b), where m = O(c logL), and r = O(c).

3 The algorithm

3.1 Perturbation

Let L0 be the size of the bounding cube. Snap to grid of granularity L0/(8nc). Error caused
< OPT/4c. Partition distances by L0/(64nc) (for the snapped input). Compute (1 + 3/4c)-
approximate TSP on this snapped input.

3.2 Construct a shifted quadtree

Construct the quadtree in O(n log n) time (this is also its size).

2



3.3 Dynamic programming

Use dynamic programming to find the optimal (m, r)-light salesman path with respect to the
shifted quadtree, where m = O(c log n) and r = O(c). The running time is O(T (m)O(r)) =
O(n · (log n)O(c)).

3.3.1 (m, r)-multipath problem

Instance of this problem is defined by :

• A nonempty square in the shifted quadtree.

• A multiset of ≤ r portals on each of the four edges of this square such that the sum of the
sizes of these multisets is an even number 2p ≤ 4r.

• A pair {aq, a2} , {a3, a4} , . . . , {a2p−q, a2p} between the 2p portals specified in (b).

The goal in the (m, r)-multipath problem is to find a minimum cost collection of p- paths
in the square that is (m, r/)-light. The i-th path connects ai−1 to a2i, and the p paths together
visit all the nodes in the square.

How many different instances of this problem can be defined for a specific square in the tree?
Well, we have to choose the (at most) r active portals on each edge. There are (m + 4 + 1)r

(to simplify matters I allow a special character saying that this position is not active). Once I
chose all the active portals (since there are 4 edges, the number of choices is ≤ (m + 4 + 1)4r)
one pair them together. The number of different pairings is ≤ (4r)! (the number of different
permutations). Thus the number of such choices is (m+ 5)4r(4r)! = O(logO(c)n).

We can now compute the optimal (m, r)-light path going bottom up from the children to the
root of the tree. In each internal node of the tree, we are going to spend (m+ 5)4rrO(r).. Overall
running time is going to be O(T · (m+ 5)8r)(4r)4r(4r!)2) which is O(n(log n)O(c)).

4 Proof the structure Lemma

References

[Aro97] S. Arora. Nearly linear time approximation schemes for Euclidean TSP and other ge-
ometric problems. In Proc. 38th Annu. IEEE Sympos. Found. Comput. Sci., pages
554–563, 1997.

[Mit98] Joseph S. B. Mitchell. Guillotine subdivisions approximate polygonal subdi-
visions: A simple polynomial-time approximation scheme for geometric TSP,
k-MST, and related problems. SIAM J. Comput., 28(4):1298–1309, 1998.
http://ams.sunysb.edu/ jsbm/jsbm.html.

3


