
CS 497 — Randomized Algorithms

Sariel Har-Peled

Homework 6, Due 5/10

For this homework, please do not have any collaboration on solving the homeworks.
Each person should work completely independently. This homework should be easier than
the previous ones.

1. MR 10.13. For any α ≥ 1, define an α-approximate cut in a multigraph G as any cut
whose cardinality is within a multiplicative factor α of the cardinality of the minimum-
cut in G. Determine the probability that a single iteration of the randomized algorithm
for min-cuts will produce as an output some α-approximate cut in G.

2. MR 5.5. Use the probabilistic method to show that that an expanding graph with the
following properties exists for n sufficiently large:

• |L| = |R| = n.

• Every vertex in L has degree n3/4, and every vertex in R has degree at most 3n3/4.

• Every subset of n3/4 vertex of L has at least n− n3/4 neighbors in R.

3. MR 5.6. Suppose that you had a access to the expanding graph described in Problem
5.5 for a certain value of n. Show that it can be used to run the LazySelect algorithm
(of Section 3.3. in MR) on any instance of size n, using log n) random bits to choose
the entire sample R. Show that the expected running time of this implementation is
O(n).

4. MR 5.3. Let T be a graph on n vertices, with nd/2 edges. Consider the following
probabilistic experiment for finding an independent set in G. Delete each vertex of G
(together with its incident edges) independently with probability 1− 1/d.

(a) Compute the expected number of vertices and edges that remain after the deletion
process.

(b) From these, infer that there is an independent set with at least n/2d vertices in
any graph on n vertices with nd/2 edges.

(c) Let G be a 3-regular graph. Suppose that we wish to turn this probabilistic
experiment into a randomized algorithm as follows. We delete each vertex inde-
pendently with probability 2/3. For every edge that remains, delete one of its
end-points. Derive an upper bound on the probability that this algorithm find s
and independent set smaller than n(1− ε)/6.
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