
CS 373: Combinatorial Algorithms, Spring 2002
Homework 5 (due Tuesday, Mar 12, 2002 at 11:59.99 p.m.)

Name:

Net ID: Alias: UG

Name:

Net ID: Alias: UG

Name:

Net ID: Alias: UG

Neatly print your name(s), NetID(s), and the alias(es) you used for Homework 0 in the boxes

above. Please also tell us whether you are an undergraduate or a grad student by circling U or G,

respectively. Staple this sheet to the top of your homework.

Required Problems

1. Scalar Flow Product

[10 Points] (Based on CLRS 26.1-7)

Let f be a ow in a network, and let α be a real number. The scalar ow product,

denoted by αf, is a function from V × V to IR de�ned by

(αf)(u, v) = α · f(u, v).

Prove that the ows in a network form a convex set. That is, show that if f1 and f2 are

ows, then so is αf1 + (1 − α)f2 for all α in the range 0 ≤ α ≤ 1.

2. (Based on CLRS 26.1-9)

[10 Points]

Professor Adam has two children who, unfortunately, dislike each other. The problem is

so severe that not only they refuse to walk to school together, but in fact each one refuses

to walk on any block that the other child has stepped on that day. The children have no

problem with their paths crossing at a corner. Fortunately both the professor's house and

the school are on corners, but beyond that he is not sure if it is going to be possible to send

both of his children to the same school. The professor has a map of his town. Show how

to formulate the problem of determining if both his children can go to the same school as a

maximum-ow problem.
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3. (Based on CLRS 26.2-8 and 26.2-10)

[10 Points]

(a) [5 Points] Show that a maximum ow in a network G = (V, E) can always be found by

a sequence of at most |E| augmenting paths. [Hint: Determine the paths after �nding

the maximum ow.]

(b) [5 Points] Suppose that a ow network G = (V, E) has symmetric edges, that is, (u, v) ∈
E if and only (v, u) ∈ E. Show that the Edmonds-Karp algorithm terminates after at

most |V ||E|/4 iterations. [Hint: For any edge (u,v), consider how both δ(s, u) and δ(v, t)

change between times at which (u,v) is critical.]

4. Edge Connectivity

[10 Points] (Based on CLRS 26.2-9)

The edge connectivity of an undirected graph is the minimum number k of edges that

must be removed to disconnect the graph. For example, the edge connectivity of a tree is 1,

and the edge connectivity of a cyclic chain of vertices is 2. Show how the edge connectivity

of an undirected graph G = (V, E) can be determined by running a maximum-ow algorithm

on at most |V | ow networks, each having O(V) vertices and O(E) edges.

5. Perfect Matching

[20 Points] (Based on CLRS 26.3-4 and 26.3-5)

(a) [10 Points] A perfect matching is a matching in which every vertex is matched. Let

G = (V, E) be an undirected bipartite graph with vertex partition V = L ∪ R, where

|L| = |R|. For any X ⊆ V , de�ne the neighborhood of X as

N(X) =
{

y ∈ V
∣∣∣ (x, y) ∈ E for some x ∈ X

}
,

that is, the set of vertices adjacent to some member of X. Prove Hall's theorem: there

exists a perfect matching in G if and only if |A| ≤ |N(A)| for every subset A ⊆ L.

(b) [10 Points] We say that a bipartite graph G = (V, E), where V = L ∪ R, is d-regular if

every vertex v ∈ V has degree exactly d. Every d-regular bipartite graph has |L| = |R|.

Prove that every d-regular bipartite graph has a matching of cardinality |L| by arguing

that a minimum cut of the corresponding ow network has capacity |L|.

6. Maximum Flow By Scaling

[20 Points] (Based on CLRS 26-5)

Let G = (V, E) be a ow network with source s, sink t, and an integer capacity c(u, v) on

each edge (u, v) ∈ E. Let C = max(u,v)∈Ec(u, v).

(a) [2 Points] Argue that a minimum cut of G has capacity at most C|E|.
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(b) [5 Points] For a given number K, show that an augmenting path of capacity at least K

can be found in O(E) time, if such a path exists.

The following modi�cation of Ford-Fulkerson-Method can be used to compute a

maximum ow in G.

Max-Flow-By-Scaling(G, s, t)

1 C← max(u,v)∈Ec(u, v)

2 initialize ow f to 0

3 K← 2blg Cc

4 while K ≥ 1 do f

5 while (there exists an augmenting path p of

capacity at least K) do f

6 augment ow f along p

g

7 K← K/2

g

8 return f

(c) [3 Points] Argue that Max-Flow-By-Scaling returns a maximum ow.

(d) [4 Points] Show that the capacity of a minimum cut of the residual graph Gf is at most

2K|E| each time line 4 is executed.

(e) [4 Points] Argue that the inner while loop of lines 5-6 is executed O(E) times for each

value of K.

(f) [2 Points] Conclude that Max-Flow-By-Scaling can be implemented so that it runs

in O(E2 lgC) time.

7. The Hopcroft-Karp Bipartite Matching Algorithm

[20 Points] (Based on CLRS 26-7)

In this problem, we describe a faster algorithm, due to Hopcroft and Karp, for �nding

a maximum matching in a bipartite graph. The algorithm runs in O(
√

VE) time. Given

an undirected, bipartite graph G = (V, E), where V = L ∪ R and all edges have exactly one

endpoint in L, let M be a matching in G. We say that a simple path P in G is an augmenting

path with respect to M if it starts at an unmatched vertex in L, ends at an unmatched

vertex in R, and its edges belong alternatively to M and E − M. (This de�nition of an

augmenting path is related to, but di�erent from, an augmenting path in a ow network.) In

this problem, we treat a path as a sequence of edges, rather than as a sequence of vertices.

A shortest augmenting path with respect to a matching M is an augmenting path with a

minimum number of edges.

Given two sets A and B, the symmetric di�erence A⊕B is de�ned as (A−B)∪ (B−A),

that is, the elements that are in exactly one of the two sets.
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(a) [4 Points] Show that if M is a matching and P is an augmenting path with respect to

M, then the symmetric di�erence M ⊕ P is a matching and |M ⊕ P| = |M| + 1. Show

that if P1, P2, ..., Pk are vertex-disjoint augmenting paths with respect to M, then the

symmetric di�erence M⊕ (P1 ∪ P2 ∪ ... ∪ Pk) is a matching with cardinality |M| + k.

The general structure of our algorithm is the following:

Hopcroft-Karp(G)

1 M← ∅
2 repeat

3 let P ← {P1, P2, ..., Pk} be a maximum set of

vertex-disjoint shortest augmenting paths

with respect to M

4 M←M⊕ (P1 ∪ P2 ∪ . . . ∪ Pk)

5 until P = ∅

6 return M

The remainder of this problem asks you to analyze the number of iterations in the

algorithm (that is, the number of iterations in the repeat loop) and to describe an

implementation of line 3.

(b) [4 Points] Given two matchings M and M∗ in G, show that every vertex in the graph

G ′ = (V,M⊕M∗) has degree at most 2. Conclude that G ′ is a disjoint union of simple

paths or cycles. Argue that edges in each such simple path or cycle belong alternatively

to M or M∗. Prove that if |M| ≤ |M∗|, then M ⊕ M∗ contains at least |M∗| − |M|

vertex-disjoint augmenting paths with respect to M.

Let l be the length of a shortest augmenting path with respect to a matching M, and

let P1, P2, ..., Pk be a maximum set of vertex-disjoint augmenting paths of length l with

respect to M. Let M ′ = M ⊕ (P1 ∪ P2 ∪ ... ∪ Pk), and suppose that P is a shortest

augmenting path with respect to M ′.

(c) [2 Points] Show that if P is vertex-disjoint from P1, P2, ..., Pk, then P has more than l

edges.

(d) [2 Points] Now suppose P is not vertex-disjoint from P1, P2, ..., Pk. Let A be the set of

edges (M ⊕M ′) ⊕ P. Show that A = (P1 ∪ P2 ∪ ... ∪ Pk) ⊕ P and that |A| ≥ (k + 1)l.

Conclude that P has more than l edges.

(e) [2 Points] Prove that if a shortest augmenting path for M has length l, the size of the

maximum matching is at most |M| + |V |/l.

(f) [2 Points] Show that the number of repeat loop iterations in the algorithm is at most

2
√

V . [Hint: By how much can M grow after iteration number
√

V?]

(g) [4 Points] Give an algorithm that runs in O(E) time to �nd a maximum set of vertex-

disjoint shortest augmenting paths P1, P2, ..., Pk for a given matching M. Conclude

that the total running time of Hopcroft-Karp is O(
√

VE).
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