
CS 497 — Randomized Algorithms

Fall, 2002

Homework 6, Due 12/25/02 23:59:59

Version: 1.12 (December 13, 2002)

1 A bit on Geometry

20 points

Let Γ = {`1, . . . , `n} be a given set of n lines in the plane, so that any pair of them intersect,
none of them is vertical, and no triple of them intersect in a common point. Let Arr(Γ)
denote the arrangement of Γ, namely the partition of the plane induced by the lines of Γ
into O(n2) faces, edges and vertices. The vertices are the points of intersection of the lines
in Γ, the edges are the maximal connected portions of the lines not containing any vertex,
and the faces are the connected components of the complement of the union of the lines in Γ.
Such an arrangement is depicted in Figure 1. See [SA95] for more details concerning planar
arrangements. In the following, assume that no three lines of Γ passes through a common
point.

A vertical decomposition of A(Γ), is the partition of the plane into vertical trapezoids,
resulting from erecting vertical rays (i.e, “walls”) downward and upward from each vertex of
of A(Γ), till they hit a line of the arrangement, or alternatively, the ray goes all the way to
infinity. This decomposes the arrangement into vertical trapezoids. Let VD(Γ) denote this
vertical decomposition. See Figure 1(b)

(a) [2 Points] Prove that the number of vertical trapezoids in the vertical decomposition
VD(Γ) of A(Γ) is O(n2).

(b) [4 Points] One algorithm, RandInc, to build A(Γ) is based on the idea that you compute
a permutation π of {1, . . . , n}. Let Ai = A

({
`π(1), . . . , `π(i)

})
be the arrangement of the

first i lines in this permutation. In the ith stage, you insert the ith line `π(i) into the
arrangement Ai−1 = A(∆i−1), where ∆i−1 =

{
`π(1), . . . , `π(i−1)

}
. The exact technical

details of how exactly it is being implemented are outside the scope of this question.

A vertex v of A(∆i) is called spiffy, if all the lines of ∆i lie above it, except for the two
lines that define it. A vertex p of A(Γ) is k-shrewd, if there are k lines of Γ directly
below it (i.e., a 0-shrewd vertex is spiffy).

What is the probability that a k-shrewd vertex v of A(Γ) would be spiffy at some point
during the execution of the algorithm RandInc?
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(a) (b)

Figure 1: An arrangement of lines, and its vertical decomposition.

(c) [7 Points] What is the probability that a k-shrewd vertex v of A(Γ) would be spiffy for

A(∆m), where m = n/k?

Provide a simple tight bound for this probability (the exact form here is messy), up to
a constant factor.

(d) [2 Points] Prove a tight bound on the number of spiffy vertices of A(Γ). What is the
bound on the number of spiffy vertices of A(∆m), where m = n/k?

(e) [5 Points] As you know, not everybody can be equally shrewd. This is unfortunately
also true for vertices. Prove that the number of ≤k-shrewd vertices in A(Γ) is O(nk),
where a vertex v is ≤k-shrewed in A(Γ) if there are at most k lines of Γ below it. [Hint:
Use the previous two items for this.]

(f) (Research question - not for credit) Show that the number of (n/2)-shrewd vertices in

A(Γ) is O(n1+ε), where ε > 0 is any positive constant.1

2 Even more on Geometry

20 points

(a) [5 Points] From various reasons, it is easier to compute Vi = VD(∆i), the vertical
decomposition of A(∆i), then A=A(π). Again, the idea is that in the ith iteration, we
insert the line `π(i) into Vi−1, splitting trapezoids that intersect it, and merging adjacent
trapezoids that have the same top and bottom. One can show that implemented carefully
this yields Vi, and this structure is independent of the (inner) permutation of the elements
of ∆i.

1This result is worth an immediate PhD, so you might not like to spend too much time on it.
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(a) (b) (c)

Figure 2: (a) A line `i is about to be inserted in the vertical decomposition VD(∆i−1). (b)
The resulting trapezoids when using regular randomized construction, and (c) The results
when using SRIC.

However, in the sleazy randomized incremental constructions (SRIC), the vertical de-
composition is computed by inserting a new line, splitting the trapezoids that intersect
it (into trapezoids), but without merging the trapezoids. See Figure 2.

In this technique, once a vertical segment is being created in the vertical decomposition,
it never disappears (although it might be split into several sub-segments).

Let W(π) denote the resulting decomposition of the plane, when using SRIC with the
permutation π (i.e., W(π) is a set of vertical trapezoids that cover the plane).

Show an example, that demonstrates that the ordering of the lines does matter. Namely,
show a set of lines, and two permutations π, π′, such that W(π) 6= W (π′).

(b) [5 Points] Show an example when SRIC is well, sleazy. Namely, show an example of n
lines in the plane, and a permutation π, such that W(π) has Ω(n3) trapezoids.

(c) [10 Points] Show that E[|W(π)|] = O(n2).

3 A bit on Discrepancy

20 points (not easy)

(a) [10 Points] Let S =
∑n

i=1 Si be a sum of n independent random variables each attaining
values +1 and −1 with equal probability. Let P (n, ∆) = Pr[S > ∆]. Prove that for
∆ ≤ n/C,

P(n, ∆) ≥ 1

C
exp

(
−∆2

Cn

)
,

where C is a suitable constant. That is, the well-known Chernoff bound P (n, ∆) ≤
exp(−∆2/2n)) is close to the truth.

(b) [5 Points] Let X = {1, 2, . . . , n} be a set, let χ : X → {+1,−1} be any fixed coloring
of X, and let R be a random subset of X (a random subset means one where each i is
included with probability 1

2
, the choices being independent for distinct i). Prove that for

any ∆ ≥ 0, Pr[|χ(R)| ≥ ∆] ≥ P (n, 2∆), where P (., .) is as in (a) and χ(R) =
∑

i∈R χ(i).
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(c) [5 Points] Let R be a system of m ≥ n independently chosen random subsets of
{1, 2, . . . , n}, and let c1 > 0 be a sufficiently small constant. Use (a), (b) to show that
disc(R) > c1

√
n log (2m/n) holds with a positive probability, provided that m ≤ 2c1n;

that is the upper bound on the discrepancy of a set system is tight. Here,

disc(R) = min
χ:X→{+1,−1}

max
R∈R

|χ(R)|

is the discrepancy of R.

4 Flip and Flop

20 points

(a) [3 Points] Let b1, . . . , b2m be m binary bits. Let Ψ be the set of all permutations of
1, . . . , 2m, such that for any σ ∈ Ψ, we have σ(i) = i or σ(i) = m + i, for 1 ≤ i ≤ m,
and similarly, σ(m + i) = i or σ(m + i) = m + i. Namely, σ ∈ Ψ either leave the pair
i, i + m in their positions, or it exchange them, for 1 ≤ i ≤ m. As such |Ψ| = 2m.

Prove that for a random σ ∈ Ψ, we have

Pr

[∣∣∣∣∑m
i=1 bσ(i)

m
−

∑m
i=1 bσ(i+m)

m

∣∣∣∣ ≥ ε

]
≤ 2e−ε2m/2.

(b) [14 Points] Let Ψ′ be the set of all permutations of 1, . . . , 2m. Prove that for a random
σ ∈ Ψ′, we have

Pr

[∣∣∣∣∑m
i=1 bσ(i)

m
−

∑m
i=1 bσ(i+m)

m

∣∣∣∣ ≥ ε

]
≤ 2e−Cε2m/2,

where C is an appropriate constant. (There is a clever and short proof for C = 1, but
other constants would be accepted with a penalty.).

(c) [3 Points] What result is implied by (b)?

5 Hitting Set

20 points

Let S = (A,R) be a finite range space of VC-dim d, where n = |A| and m = |R|. We would
like to find a minimal size set of points N ⊆ A, such that all the ranges of R, contain at
least one point of N .

(a) [5 Points] We are given a finite range space S = (A,R), such that each point a ∈ A, has
an associated weight w(a) = 2l(a), where l(a) is a positive integer number associated with
a (you can assume that l(a) = nO(1)). For a range r ∈ R, we define w(r) =

∑
a∈r w(a).

A subset N ⊂ A is an ε-net for S, if for any r ∈ R, w(r) > εw(A) implies that
w(r ∩N) > 0.
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Describe a polynomial time algorithm that computes an ε-net, as small as possible, for
S. How fast is your algorithm? What is the size of the ε-net it computes? What is the
confidence level that it succeeds?

(b) [15 Points] Assume, that we know that there is a hitting set N ⊆ A of size k for S.
Given k, here is an algorithm that finds a hitting set of size O(k log k) for S:

i. Set w(a) = 1, for all a ∈ A.

ii. Let N be ε-net of A, for ε = c/k, where c is an appropriate constant.

iii. While N is not a hitting set

1. Find a range r ∈ R which is being missed by N .

2. Double the weight of all the points of r.

3. Let N be ε-net of A, for ε = c/k, where c is an appropriate constant.

iv. Return N .

Prove that this algorithm terminates (Hint: Compare the weight of the optimal hitting
set, to the total weight of all the points after i iterations.). What is the number of
iterations performed by the algorithm? What is the running time of the algorithm?
What is the value of c you need? What is the size of the hitting set you get? (Give exact
bound.)

6 A Bit on Geometric Discrepancy

20 points

The following, is a rather surprising result (in my humble opinion):

Theorem 6.1 For any set P of n points in the plane, there exists a spanning tree T of P ,
where the edges are straight segments, such that any line in the plane, crosses at most O(

√
n)

edges of T .

(a) [3 Points] Prove that the above theorem is tight.

(b) [2 Points] Conclude, that there exists a path π that spans all the points of P , such that
any line intersects at most O(

√
n) edges of π.

(c) [3 Points] Prove that there exists a matching M of the points of P , such that any line
intersects at most O(

√
n) edges of M (assume that n is even).

(d) [12 Points] Prove that disc(S) = O(n1/4 log n), where S = (P, PA(R)), where R is the
set of all halfplanes. How does this compare with the bound shown in class?

A reminder:
disc(S) = min

χ:P→{−1,1}
max
r∈R

χ(r),

where χ(r) =
∑

p∈P∩r χ(p).
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7 On Clustering

20 points

Let P be a set of n points in the plane. Let R be the set of all disks in the plane.2

(a) [4 Points] Provide a deterministic algorithm, as fast as possible, that computes a disk
D, such that D contains at least n/3 points of P , and it is smaller than any disk of D′

that contains n/2 points of P . How fast is your algorithm?

(b) [2 Points] Provide a randomized algorithm for (a). How fast is your algorithm, if the
result has to be correct only with probability > 99%?

(c) [4 Points] Prove that the VC dimension of (R2,Rk) is O(k log k), whereRk =
{

r1 ∪ r2 ∪ . . . ∪ rk

∣∣∣ ri ∈ R
}

.

(d) [2 Points] Let N ⊆ P be an ε-approximation for (P,RP ), whereRP =
{

r ∩ P
∣∣∣ r ∈ Rk

}
.

Prove that any set K of k disks that covers the points of N , covers at least (1 − ε)n
points of P , where n = |P |.

(e) [4 Points] Describe an algorithm such that given P and k, computes a set K of k disks,
such that all the points of P are covered by the disks of K, and the maximum radius of
a disk in K is minimized. How fast is your algorithm?

(f) [2 Points] Describe an algorithm (using (d) and (e)), that computes, as fast as possible,
a set K of O(k log n) disks, such that radius(K) = maxr∈K radius(r) ≤ ropt(P, k), where
ropt(P, k) is the minimum radius of any k disks that covers P .

(g) [2 Points] Describe an algorithm (using (d) and (e)), that computes, as fast as possible,
a set K of O(k2) disks, such that radius(K) = maxr∈K radius(r) ≤ ropt(P, k), where
ropt(P, k) is the minimum radius of any k disks that covers P .

8 On Approximation

20 points

Assume that you have a set A of n points in the plane, and we are interested in the range
space (R2,R), where R is the set of all disks in the plane. Assume that you are specified
a parameter ε > 0. We would like to maintain an ε-approximation for (A, PA(R)), under
insertions and deletions for A. The size of the ε-approximation should be asymptotically
optimal (i.e., O(1/ε2 log(1/ε)) [ignoring dependency on the confidence level]).

1. [5 Points] Given δ > 0, describe a randomized data-structure/algorithm such that it
can perform an insertion/deletion into A, such that at any point in time, we have a set
E(A) which is an ε-approximation to A. How fast is your algorithm, if it has to succeed
in a sequence of m insertions/deletions operations, with probability larger than 1− δ?

2A disk is just the region enclosed by a circle.
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2. [15 Points] Describe a deterministic algorithm for maintaining an ε-approximation
for A under insertions/deletions. How fast is your algorithm? How much time does it
take to perform a single insertion/deletion? (For full credit, your solution should have
a polylogarithmic [in n and 1/ε] update time.)

9 Summary

4 points

1. [2 Points] What was the most useful/interesting topic covered in class? Why?

2. [2 Points] What was the least useful/interesting topic covered in class? Why?

Guidelines

This is final homework/exam. Consulting with other students is strictly forbidden. If you
copy a solution from somewhere (web, class notes, books, the universe at large, your brain),
etc, indicate it in LARGE FRIENDLY LETTERS on your exercise.

Submission of this homework is by latex & postscript. Namely, you should email me a
postscript and a latex file of your exam, no later than the time indicated in the title (in fact,
you might want to email me a zip file, with everything). If you are still in campus, it would
be appreciated if you also print it out and slide it under my office door.

Submitting the exam in the ith day after the deadline, would cost you 2i−1% of the exam
grade (thus, submitting five days after the deadline, would cost you 16% of your exam grade.
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