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Shortly after the celebration of the four thousandth anniversary of the opening of space,
Angary J. Gustible discovered Gustible’s planet. The discovery turned out to be a tragic
mistake.
Gustible’s planet was inhabited by highly intelligent life forms. They had moderate
telepathic powers. They immediately mind-read Angary J. Gustible’s entire mind and
life history, and embarrassed him very deeply by making up an opera concerning his
recent divorce.

– From Gustible’s Planet, Cordwainer Smith

1 Required Problems

1. [10 Points]

Prove that an n-input sorting network must contain at least one comparator between the ith
and (i + 1)st lines for all i = 1, 2, ..., n− 1.

2. [10 Points]

Suppose that we have 2n elements < a1, a2, ..., a2n > and wish to partition them into the the
n smallest and the n largest. Prove that we can do this in constant additional depth after
separately sorting < a1, a2, ..., an > and < an+1, an+2, ..., a2n >.

3. Easy points.
[20 Points]

Let S(k) be the depth of a sorting network with k inputs, and let M(k) be the depth of a
merging network with 2k inputs. Suppose that we have a sequence of n numbers to be sorted
and we know that every number is within k positions of its correct position in the sorted
order, which means that we need to move each number at most (k − 1) positions to sort the
inputs. For example, in the sequence 3 2 1 4 5 8 7 6 9, every number is within 3 positions
of its correct position. But in sequence 3 2 1 4 5 9 8 7 6, the number 9 and 6 are outside 3
positions of its correct position.
Show that we can sort the n numbers in depth S(k)+2M(k). (You need to prove your answer
is correct.)

4. Matrix Madness
[20 Points]

We can sort the entries of an m×m matrix by repeating the following procedure k times:

1. Sort each odd-numbered row into monotonically increasing order.
2. Sort each even-numbered row into monotonically decreasing order.
3. Sort each column into monotonically increasing order.

(a) [8 Points] Suppose the matrix contains only 0’s and 1’s. We repeat the above procedure
again and again until no changes occur. In what order should we read the matrix to
obtain the sorted output (m×m numbers in increasing order)? Prove that any m×m
matrix of 0’s and 1’s will be finally sorted.

(b) [8 Points] Prove that by repeating the above procedure, any matrix of real numbers
can be sorted. [Hint:Refer to the proof of the zero-one principle.]
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(c) [4 Points] Suppose k iterations are required for this procedure to sort the m × m
numbers. Give an upper bound for k. The tighter your upper bound the better (prove
you bound).

5. Majority Tree
[20 Points]

Consider a uniform rooted tree of height h (every leaf is at distance h from the root). The
root, as well as any internal node, has 3 children. Each leaf has a boolean value associated
with it. Each internal node returns the value returned by the majority of its children. The
evaluation problem consists of determining the value of the root; at each step, an algorithm
can choose one leaf whose value it wishes to read.

(a) [5 Points] Describe a deterministic algorithm that runs in O(n) time, that computes
the value of the tree, where n = 3h.

(b) [10 Points] Consider the recursive randomized algorithm that evaluates two subtrees
of the root chosen at random. If the values returned disagree, it proceeds to evaluate
the third sub-tree. Show the expected number of leaves read by the algorithm on any
instance is at most n0.9.

(c) [5 Points] Show that for any deterministic algorithm, there is an instance (a set of
boolean values for the leaves) that forces it to read all n = 3h leaves. (hint: Consider
an adversary argument, where you provide the algorithm with the minimal amount of
information as it request bits from you. In particular, one can devise such an adversary
algorithm.).

6. Sorting Random Numbers
[20 Points]

Suppose we pick a real number xi at random (uniformly) from the unit interval, for i =
1, . . . , n.

(a) [5 Points] Describe an algorithm with an expected linear running time that sorts
x1, . . . , xn.

To make this question more interesting, assume that we are going to use some standard
sorting algorithm instead (say merge sort), which compares the numbers directly. The binary
representation of each xi can be generated as a potentially infinite series of bits that are the
outcome of unbiased coin flips. The idea is to generate only as many bits in this sequence as is
necessary for resolving comparisons between different numbers as we sort them. Suppose we
have only generated some prefixes of the binary representations of the numbers. Now, when
comparing two numbers xi and xj , if their current partial binary representation can resolve the
comparison, then we are done. Otherwise, the have the same partial binary representations
(upto the length of the shorter of the two) and we keep generating more bits for each until
they first differ.

(b) [10 Points] Compute a tight upper bound on the expected number of coin flips or
random bits needed for a single comparison.

(c) [5 Points] Generating bits one at a time like this is probably a bad idea in practice.
Give a more practical scheme that generates the numbers in advance, using a small
number of random bits, given an upper bound n on the input size. Describe a scheme
that works correctly with probability ≥ 1− n−c, where c is a prespecified constant.
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