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1. Counting problems.
[20 Points]

Give brief answers to each of the following questions. Unsimplified expressions (in terms of
factorials, sums, etc.) are acceptable.

A. [4 Points] What is the coefficient in front of the x4y5z12 term in the expansion of (x +
y + z)21?

B. [4 Points] How many distinct four-letter words can be made using refrigerator magnets,
“C” “H” “A” “M” “P” “A” “I” “G” “N”?

C. [4 Points] Suppose there are 100 plates, labeled from 1 to 100, and there are 500 hotdogs.
Define a serving as a placement of every hotdog on some plate. A serving is said to be
different from another if and only if at least one plate, say plate i, has a different number
of hotdogs. How many different servings are possible?

D. [4 Points] How many different permutations are there of the word CHAMPIGNON?

E. [4 Points] A real number α is an algebraic number if there exists a polynomial

p(x) = a0 + a1x + a2x
2 + · · · amxm

such that p(α) = 0, where where m is a positive integer, and a0, . . . , am are integers.
Let U be the set of all algebraic numbers. What is the cardinality of U? Prove your
answer.1

1Unrelated to the test, read only if you have time: The set of real numbers which are not algebraic numbers are
transcendental. Showing that a number is transcendental is very hard, and only very few explicit transcendental
numbers are known.
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2. Recurrences.
[20 Points]

Give tight asymptotic solutions to the following recurrences. Assume reasonable base case if
needed. Provide a concise but detailed solution.

A. [4 Points] T (n) = 21T (bn/3c) + 2n2 − 17. T (n) = O(21log3 n) = O(nlog3 21).

B. [4 Points] Q(n) = Q(b
√

nc) + 1. Q(n) = O(log log n).

C. [4 Points] R(n) = 2R(bn/2c) + O(n log n). R(n) = O(n log2 n).

D. [4 Points] S(n) = S
(⌊

n−
√

n
2

⌋)
+ 1. S(n) = O(log n).

E. [4 Points] A(n) = 2n ·A(bn/2c) ·A(bn/4c) ·A(bn/8c) ·A(bn/8c).
Assume A(0) = A(1) = 1.
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3. Toss this die.
[20 Points]

Toss a perfect six-sided die 18 times. In the following, unsimplified expressions (in terms of
factorials, sums, etc.) are acceptable for all those questions. Show your reasoning.

A. [5 Points] What is the probability of seeing the number ‘1’ at least once in one of those
tosses.

B. [5 Points] What is the expected number of distinct values seen in those tosses? (Thus,
if we have 12 times the number ‘2’ and 6 times the number ‘4’, then we have two distinct
values.)

C. [5 Points] What is the probability (denoted by αk) of not seeing the numbers ‘1’, . . . , ‘k’
in those 18 tosses? (where k ≤ 6)

D. [5 Points] What is the probability that every face of the die appears at least once in
those 18 tosses? (Hint: use C.)
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4. Combinatorics and Graphs.
[20 Points]

A. [5 Points] Prove the following using combinatorial reasoning. For all positive integers k,
and m, such that m ≥ k ≥ 1, we have(

m

k

)
=

(
m− 1
k − 1

)
+

(
m− 1

k

)
.

No partial credit will be given for proofs that do not use combinatorial reasoning.

B. [10 Points] A sequence of numbers a1, . . . , am, where each ai is either 1, −2 or 2, is known
to be k-flaky sequence, if |a1|+ |a2|+ |a3|+ · · · |am| = k. Thus the sequence −2, 1, 2, 1 is
6-flaky. Let αk be the number of distinct k-flaky sequence. What is ak? (Give a closed
form formula.)
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C. [5 Points] Prove that a graph G is connected if and only if for every partition of its
vertices into two nonempty sets, there exists an edge that has endpoints in both sets.
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5. Theory of Computation
[20 Points]

A. [5 Points] Convert the following NFA into an equivalent DFA.

1 2

3

ε

a

a, ba

b

B. [5 Points] What is the regular expression for the language recognized by the NFA in
(a)?2

2Parts (c) and (d) are on the next page.
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C. [5 Points] Convert the regular expression (((11)∗(11)) ∪ 10)∗ into an equivalent NFA.

D. [5 Points] Define a Turing machine that decides the language L over ‘(’ and ’)’ of all valid
parenthesized expressions (expressions that have matching closing and opening parenthe-
sis). Determine the asymptotic running time of your TM on a string of length n. Specify
the steps of the algorithm in terms of head motions, reads, writes, etc. Do not give the
complete state machine description. Note, that the TM must have a single working
tape.
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