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“Is there anything in the Geneva Convention about the rules of war in peacetime?”
Stanko wanted to know, crawling back toward the truck.
“Absolutely nothing,” Caulec assured him. “The rules of war apply only in wartime.
In peacetime, anything goes.”
– Gasp, Romain Gary

Required Problems

1. Partition
[20 Points]

(a) [10 Points] The Partition satyr, the uncle of the deduction fairy, had visited you
on winter break and gave you, as a token of appreciation, a black-box that can solve
Partition in polynomial time (note that this black box solves the decision problem).
Let S be a given set of n integer numbers. Describe a polynomial time algorithm that
computes, using the black box, a partition of S if such a solution exists. Namely, your
algorithm should output a subset T ⊆ S, such that∑

s∈T

s =
∑

s∈S\T

s.

(b) [10 Points]
Let S be an instance of partition, such that n = |S|, and M = maxs∈S s. Show a
polynomial time (in n and M) algorithm that solves partition.

2. NP -Completeness Collection
[20 Points]

Prove that the following problems are NP -Complete.

(a) Problem: BIN PACKING

Instance: Finite set U of items, a size s(u) ∈ ZZ+ for each u ∈ U , an integer
bin capacity B, and a positive integer K.
Question: Is there a partition of U int disjoint sets U1, . . . , UK such that the
sum of the sizes of the items inside each Ui is B or less?

(b) Problem: HITTING SET

Instance: A collection C of subsets of a set S, a positive integer K.
Question: Does S contain a hitting set for C of size K or less, that is, a
subset S′ ⊆ S with |S′| ≤ K and such that S′ contains at least one element
from each subset in C.

(c) Problem: Hamiltonian Path

Instance: Graph G = (V,E)
Question: Does G contains a Hamiltonian path? (Namely a path that visits
all vertices of G.)
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(d) Problem: Max Degree Spanning Tree

Instance: Graph G = (V,E) and integer k
Question: Does G contains a spanning tree T where every node in T is of
degree at most k?

3. Independence
[20 Points]

Let G = (V,E) be an undirected graph over n vertices. Assume that you are given a
numbering π : V → {1, . . . , n} (i.e., every vertex have a unique number), such that for any
edge ij ∈ E, we have |π(i)− π(j)| ≤ 20.

Either prove that it is NP -Hard to find the largest independent set in G, or provide a
polynomial time algorithm.

4. Beware of Greeks bearing gifts1

[20 Points]

The reduction faun, the brother of the Partition satyr, came to visit you on labor
day, and left you with two black boxes.

(a) [10 Points] The first black box, was a black box that can solves the following decision
problem in polynomial time:
Problem: Minimum Test Collection

Instance: A finite set A of “possible diagnoses,” a collection C of subsets of
A, representing binary “tests,” and a positive integer J ≤ |C|.
Question: Is there a subcollection C ′ ⊆ C with |C ′| ≤ J such that, for every
pair ai, aj of possible diagnoses from A, there is some test c ∈ C ′ for which
|{ai, aj} ∩ c| = 1 (that is, a test c that “distinguishes” between ai and aj)?

Show how to use this black box, how to solve in polynomial time the optimization version
of this problem (i.e., finding and outputting the smallest possible set C ′).

(b) [10 Points]
The second box was a black box for solving
Subgraph Isomorphism.
Problem: Subgraph Isomorphism

Instance: Two graphs, G = (V1, E1) and H = (V2, E2).
Question: Does G contain a subgraph isomorphic to H, that is, a subset
V ⊆ V1 and a subset E ⊆ E1 such that |V | = |V2|, |e| = |E2|, and there
exists a one-to-one function f : V2 → V satisfying {u, v} ∈ E2 if and only if
{f(u), f(v)} ∈ E?

Show how to use this black box, to compute the subgraph isomorphism (i.e., you are
given G and H, and you have to output f) in polynomial time.

1Based on Virgil’s Aeneid: “Quidquid id est, timeo Danaos et dona ferentes”, which means literally “Whatever it
is, I fear Greeks even when they bring gifts.”.
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5. Minimum Set Cover
[20 Points]

Problem: MINIMUM SET COVER

Instance: Collection C of subsets of a finite set S and an integer k.
Question: Are there k sets S1, . . . , Sk in C such that S ⊆ ∪k

i=1Si?

(a) [5 Points] Prove that MINIMUM SET COVER problem is NP-Complete

(b) [5 Points] Prove that the following problem is NP-Complete.
Problem: HITTING SET

Instance: A collection C of subsets of a set S, a positive integer K.
Question: Does S contain a hitting set for C of size K or less, that is, a
subset S′ ⊆ S with |S′| ≤ K and such that S′ contains at least one element
from each subset in C.

(c) [5 Points] Hitting set on the line
Given a set I of n intervals on the real line, show a O(n log n) time algorithm that
computes the smallest set of points X on the real line, such that for every interval I ∈ I
there is a point p ∈ X, such that p ∈ I.

(d) [5 Points] Show that the following problem is NP-Complete.
Problem: TILING

Instance: Finite set RECT S of rectangles and a rectangle R in the plane.
Question: Is there a way of placing all the rectangles of RECT S inside R, so
that no pair of the rectangles intersect in their interior, and all the rectangles
have their edges parallel of the edges of R?
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