
CS 473u: Algorithms, Spring 2005
Midterm II — April 12, 2005

Name:

Net ID: Alias:

� This is a closed-book, closed-notes, open-brain exam. If you brought anything with you
besides writing instruments and your handwritten 81

2

′′ × 11′′ cheat sheet, please leave it at
the front of the classroom.

� Print your name, netid, and alias in the boxes above. Print your name at the top of every
page (in case the staple falls out!).

� You should answer all the questions on the exam.

� The last few pages of this booklet are blank; use them for scratch paper. Please let us know
if you need more paper.

� If your cheat sheet is not handwritten by yourself, or it is photocopied, please do not use it
and leave it in front of the classroom.

� Submit your cheat sheet together with your exam. An exam without your cheat sheet attached
to it will not be checked.

� If you are NOT using a cheat sheet you should indicate it in large friendly letters on this
page.

� For each of the word problems, you must give and prove the desired result.

� Answers containing only the expression \I don't know" will get 25% of the points of the
question. If you write anything else, it will be ignored.

� Points given for \I don't know" will not exceed 10 points.

� Time limit: 70 minutes.

� Relax. Breathe. This is just an easy, silly and stupid midterm.

# Score

1.

2.

3.

Total



1. k-unique paths from s to t. [30 Points]

Let G = (V,E) be a directed graph, let k > 0 be an integer number, and s and t two vertices
of G.

(A) [10 Points] Prove that one can always add 2k − 1 edges to G, such that there will be k

vertex disjoint paths in G between s and t.

(B) [20 Points] Show a polynomial time algorithm for computing k vertex disjoint paths
in G between s and t if such a set of paths exists. How fast is your algorithm?

2. The 0-1 principle.

[30 Points]

Prove the following theorem:

Theorem 0.1 If a comparison network with n inputs sorts all 2n binary strings of length
n correctly, then it sorts all sequences correctly.

3. Majority Tree

[40 Points]

Consider a uniform rooted tree of height h (every leaf is at distance h from the root), with
n = 3h leaves. The root, as well as any internal node, has 3 children. Each leaf has a boolean
value associated with it. Each internal node v returns the value f(v) returned by the majority
of its children (i.e., if two or more of its children evaluate to 1 then it returns 1, otherwise,
it returns 0). The evaluation problem consists of determining the value of the root; at each
step, an algorithm can choose one leaf whose value it wishes to read. The algorithm should
read the value of as few leaves as possible. So the following tree:
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(A) [10 Points] Give a pseudo-code for a deterministic algorithm that runs in O(n) time,
that computes the value of the tree, where n = 3h.

(B) [10 Points] We are at node v. We randomly order the children of v, and the resulting
ordering is s1, s2, s3. We evaluate f(s1) and f(s2) and if they disagree, we evaluate f(s3)
(this is enough to compute f(v), right?). In the worst case, what is the expected number
of children of v that we will evaluate? Prove your answer.

(Hint: The expectation is over the random ordering of the children; you may want to
�rst prove your claim for the case that two of its children evaluate to 0, and the other
child evaluates to 1.)
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(C) [20 Points] Consider the recursive randomized algorithm that evaluates two subtrees of
the root chosen at random. If the values returned disagree, it proceeds to evaluate the
third sub-tree (i.e., as done above). Show the expected number of leaves read by the
algorithm on any instance is at most nc, where c is a constant smaller than 1.
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