
06: Dynamic programming II - The Recursion Strikes
Back

CS 473u - Algorithms - Spring 2005

February 6, 2005

1 Previous Lecture

1. Partition number problem.

(a) Recursive solution.

(b) More efficient algorithm if we remember results.

2. Memorization.

3. Fibonacci numbers.
In his time (1170-1250), Fibonacci was famous because he brought the Hindu-Arabic
notation (i.e., 0-9 digits) to Italy (and to Europe at large) from North Africa. He wrote
several books about mathematics, of high quality, one of them mentioning the rabbit
problem (i.e., Fibonacci numbers).

4. Edit distance.

2 Optimal Search Trees

Problem 2.1 Given a set of n (sorted) keys A[1..n], build the best binary search tree for
the elements of A.

Note, that we allow to store values in the internal node of the binary trees.
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A = [4, 12, 21, 32, 45].
Q: When would the tree on the left be better than the tree on the right?
Usually, just build a balanced binary tree, and be done with it. But if have additional

information, we can do better...
Assume, we know that A[i] is going be accessed f [i] times.
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Total search time for a tree T :

S(T ) =
n∑

i=1

(depth(T, i) + 1) f [i]

where depth(T, i) is the depth of the node in T storing value i.
Assume that r is the value stored in the root of the tree T . Clearly, all the values smaller

than r are in the subtree left(T ), and all values larger than r are in right(T ).
Thus, total search time is:

S(T ) =
r−1∑
i=1

(depth(left(T ), i) + 1) f [i]

+
n∑

i=1

f [i] (price of access to root)

+
n∑

i=r+1

(depth(right(T ), i) + 1) f [i]

Observation 2.2 The subtree left(T ) must be optimal for the elements accessing it (i.e.,
f [1..r − 1]).

Thus:

S(T ) = S(left(T )) + S(right(T )) +
n∑

i=1

f [i]

Idea: Compute recursively.

CompBestTree(A[1..n], f [1..n])
for r = 1...n do

Tleft ← CompBestTree(A[1..r − 1], f [1..r − 1])
Tright ← CompBestTree(A[r + 1..n], f [r + 1..n])
Tr ← Tree(Tleft , A[r] , Tright)
Pr ← S(Tr)

return cheapest tree out of T1, . . . , Tn.

Running time:

α(n) = O(n) +
n−1∑
i=0

(α(i) + α(n− i− 1))

Solution of recurrence is O(n3n) .

The solution of this recurrence, is based on the idea that together
with the tree the function CompBestTree also return the price of
the tree.
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OK. Lets do memoization...
Q: How many different recursive calls?
A: O(n2)
Q: What is the running time of CompBestTreeMemoize?
A: O(n3)

Theorem 2.3 Can can compute the optimal binary search tree in O(n3) time using O(n2)
space.

A further improvement raises from the fact that the root location is “monotone”. For-
mally,

R[i, j] = location of root for opt tree for A[i, j]

Then R[i, j − 1] ≤ R[i, j] ≤ R[i, j + 1].
This limits the range search. As such we can be more efficient in the search. This leads

to O(n2) algorithm. Details are in Jeff Erickson class notes.

3 Optimal Triangulations

Given a convex polygon P in the plane, find the triangulation of minimum length.

Definition 3.1 Convex polygon - A closed cycle of segments, with no vertex pointing in-
ward.

Diagonal - a line segment connecting two vertices of a polygon which are no adjacent.
Triangulation - a partition of a convex polygon into disjoint triangles using diagonals.

Lemma 3.2 Any triangulation of a convex polygon with n vertices, is made out of exactly
n− 2 triangles.

Our purpose is to find the triangulation that has minimum perimeter. Namely, the total
length of diagonals used is minimized.
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We assume that the polygon is specified as list of vertices 1..n in a clockwise ordering:
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Observation 3.3 In any triangulation of P , there exist a a triangle that uses the edge
between vertex 1 and n (red edge in figure).

Observation 3.4 Removing the triangle using the edge 1 − n leaves us with two polygons
which their vertices are consecutive along the original polygon.

Suggest a natural recursive solution:

M [i, j] =


0 j ≤ i

0 i = j + 1

mini<k<j(∆(i, j, k) + M [i, k] + M [k, j]) Otherwise

Where

Dist(i, j) =

√
(x[i]− x[j])2 +(y[i]− y[j])2

∆(i, j, k) = Dist(i, j) + Dist(j, k) + Dist(i, k).

Using dynamic programming (or just memorization), we get an algorithm that computes
optimal triangulation in ??? time using ??? space.

4 Matrix Multiplication

A: Matrix of size p× q
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B : Matrix of size q × r
The product matrix AB of dim p× r can be computed in O(pqr) time.
A 1000× 2

B 2× 1000
C 1000× 2

Computing ABC = A(BC) requires 2 · 1000 · 2 + 1000 · 2 · 2 = 8000 operations.
ABC = (AB)C requires 1000 · 2 · 1000 + 1000 · 1000 · 2 = 4000000.
Thus, order is important as far as efficieny...

Problem 4.1 Given n matrices M1, . . . ,Mn such that Mi is of size D[i − 1] ×D[i], where
D[0 . . . n] is array specifying the sizes. Find the ordering of multiplications to compute
M1 ·M2 · · ·Mn−1 ·Mn.

Mi has D[i− 1] rows and D[i] columns.
Again, let us define a recurrence for this problem:

M [i, j] =


0 j = i

D[i− 1] ·D[i] ·D[i + 1] j = i + 1

mini≤k<j(M [i, k] + M [k + 1, j] j > i + 1

+D[i− 1] ·D[k] ·D[j])

Again, using memoization (or dynamic programming), one can compute M [1, n] in O(n3)
time using O(n2) space.

5 Longest Ascending Subsequence

Given an array of numbers A[1..n] find longest ascending subsequence:
M [i] - longest increasing subsequence having A[i] as the last element.

M [n] =

{
1 n = 1

1 + max1≤k<n,A[k]<A[n] M [k] otherwise

Return maxn
i=1M [i]

Yielding O(n2) solution. A better solution is possible, and might be on next homework.
.

6 Pattern Matching

Assume you have a string S = ”Magna Carta” and a pattern P = ”?ag ∗ at ∗ a ∗ ” where
“?” can match a single character, and “*” can match any substring.

Q: Does S matches the pattern P?
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Magna Carta or Magna Charta - the great charter that King John of
England was forced by the English barons to grant at Runnymede,
June 15, 1215, traditionally interpreted as guaranteeing certain civil
and political liberties

Q: How to solve using dynamic programming?
Modify the EditDistance code:

IsMatch(S[1..n], P [1..m])
if m = 0 and n = 0

Return TRUE.
if m = 0

Return FALSE.
if n = 0

Return bool(P [1..m] is all stars)
if (P [m] = ’?’)

Return IsMatch(S[1..n− 1], P [1..m− 1])
if (P [m] 6= ’*’)

if P [m] 6= S[n] Return FALSE
else

Return IsMatch(S[1..n− 1], P [1..m− 1])
For i = 0 to n do

If IsMatch(S[1..i], P [1..m− 1])
Return TRUE

Return FALSE

As you can see, this is pretty tedious. Now, use memoization together with this recursive
code, and you get

Running time: O(mn2)
Space: O(nm)
where n-length of string, m-length of pattern.
Being slightly more clever, one can get a faster algorithm: O(nm)
BTW, one can do even better. A O(m+n) is possible but it requires KMP - a fast string

finding algorithm.
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