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1 Motivation

Assume you have a winery and you want to mix several wines to get a certain fraction α
of alcohol and β of water (note that good wines contain also other ingredients like uranium
and ketchup, so α + β might be smaller than 1) in the resulting wine. For every wine wi,
you know their (xi, yi)= (alcohol, water) contents.

Q: How to find how to mix the wines to get (α, β)?
Namely, we specify for every wine a percentage pi, and we want that

1.
∑

i pi = 1.

2.
∑

i pi ·(xi, yi) = (α, β).

So, our purpose is to compute this winning combination of wines, that would create the
perfect wine as we want it. So, let us try to understand what we can do by mixing two
wines:

a b

a b

Namely, for any 0 ≤ t ≤ 1 the point
p(t) = t · a + (1− t) · b lies on the segment ab. Here
p(t) =(t ∗ x(a) + (1− t) ∗ x(b), t ∗ y(a) + (1− t) ∗ y(b))
Namely, given two wines, we can generate all combinations represented by points along

the segment connecting the two points.
Three points:

a b

c
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a b

c

d

We get the segment ad. By sliding between a and b we will get the whole triangle 4abc.

a b

c
This argument implies that any point inside a triangle 4abc can be represented as
ta · a + tb · b + tc · c where ta + tb + tc = 1 and ta, tb, tc ∈ [0, 1]. Thus, we can treat a point

inside the triangle as having coordinates (ta, tb, tc). This is known as barycentric coordinates
of a triangle. (What is the point (1, 0, 0) or the point (1/3, 1/3, 1/3)?)

P - set of points
CH(P ) =

⋃
a,b,c∈P 4abc

Thus CH(P ) is a convex polygon.

Definition 1.1 A polygon is convex if all its vertices are convex (i.e., the interior angle of
the vertices is smaller than π).

Definition 1.2 For a set of points P = {p1, . . . , pn} the Convex-Hull of P is the set CH(P ).
This is the set of all convex combinations of points of P . A convex combination, is a point
x =

∑
i αipi, where:

1.
∑

i αi = 1

2. 0 ≤ α1 . . . αn ≤ 1.

2



CH(P ) =

{
x

∣∣∣∣∣ x =
∑

i

αipi convex combination

}
Note, that we gave two different definitions for convex-hull. It is completely unclear that they
are equivalent. This can be proved using a beautiful theorem known as Random theorem,
which is outside the scope of this class.

Definition 1.3 A set S ⊆ IRd is convex if for any two points x, y ∈ S, the segment xy is
contained in S.

x y

Convex

Not convex

Definition 1.4 Given a point set P ⊆ IRd is the smallest convex set that contains P is the
convex-hull of P .

So, given a point-set P in the plane, how do we compute CH(P )?

2 Computing the Convex-Hull

2.1 Computing extreme points

Definition 2.1 A point p ∈ P is extreme if it is one of the vertices of the convex hull
CH(P ).

Q: How to identify extreme points?
A: For every point, check if it is contained inside a triangle defined by three points of P .
This is very slow algorithm and not very interesting.

2.1.1 General Position Assumption

We will assume that we do not have three points in P that are colinear (i.e., lie on the same
line). All points in P have distinct x-coordinate and y-coordinate. All those assumptions
can be removed with some additional work, but it is not interesting, so let us ignore such
“bad” inputs.
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2.2 Extreme Edges

Definition 2.2 A segment ab where a, b ∈ P is extreme if it appears on the convex hull of

P , and furthermore, all the other points, lie to the left of the oriented vector
−→
ab.

Deciding if p is to the left of
−→
ab can be done by calling isLeftTurn(

−→
ab, p).

Lemma 2.3 Deciding for a directed segment
−→
ab if it an extreme edge for P can be done in

O(n) time, where n = |P | .

Thus, we can compute all extreme edges in O(n3) time. How do we compute CH(P )
from this info? (reminder CH(P ) is a convex polygon).

A: Build a directed graph with only the extreme edges. Clearly, the convex-hull is just a
cycle in this graph, which we can find using DFS. This takes linear time.

Lemma 2.4 One can compute the convex hull of P in O(n3) time.

2.3 Gift Wrapping

The silly thing in the previous algorithm was that we first computed all candidates, and then
we glue things together. Let us now combine the two things.

1. Find an extreme point p. How?
A: Just find the left most point in P (the point with the smallest x coordinate value).
Clearly, it must be extreme. Can be done in linear time.

2. Find an extreme edge −→pq. How?

Pick a point c in P , and scan the points of P to find the most clockwise vector anchored
at p.

Namely, for every point a ∈ P we check if −→pa is clockwise compared to −→pc. If so, we set
c to be a and continue this search.

Clearly, the final c = q defines the required extreme edge −→pq.

p

current

candidateq

Overall, this takes linear time.

3. Now, repeat by finding the next extreme edge having q as a base. Repeat till we return
to the starting point p. Clearly, we need to repeat this at most n− 1 times, and every
iteration takes O(n) time.
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p

Lemma 2.5 (Gift wrapping) One can compute the convex-hull of P in O(n2) time.

3 Computing Convex Hull Efficiently

3.1 Graham’s Algorithm

Let us find the leftmost extreme point p in P . Next, we sort the points of P by their angle
around p.

p1 = p

p2
p3

p6

p4 p5

p9

p7

p8

Comparing two points pi, pj

Let Ci = CH({p1, . . . , pi}
We are going to maintain Ci in a stack, for example
C4 = 〈p1, p2, p3, p4〉, where p4 is the latest element pushed to the stack.

p1 = p

p2
p3

p6

p4

p5

p9

p7

p8

So, we just add p5 to the stack.

p1 = p

p2
p3

p6

p4

p5

p9

p7

p8

However, the convexity is now violated for the top three points in P . In particular,
because of the ordering of insertion, we know that p4 can not be on the convex hull:
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p1 = p

p2
p3

p6

p4

p5

p9

p7

p8

So, let us remove p4 from the stack. We get:

p1 = p

p2
p3

p6

p4

p5

p9

p7

p8

C5 = 〈p1, p2, p3, p5〉
and since the convexity condition holds for the top three elements in the convex-hull,

everything is fine.
If we continue in the same fashion, we have:

p1 = p

p2
p3

p6

p4

p5

p9

p7

p8

We delete p6:

p1

p2
p3

p6

p4

p5

p9

p7

p8

And then we delete p5:
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p1

p2
p3

p6

p4

p5

p9

p7

p8

Note, that we always delete points that are next to top in the stack, and this can be done
in constant time.

GrahamCH(P - point set in 2d)
p←leftmost point of P .
Sort P by angle around p.
P = 〈p1 = p, p2, p3, . . . , pn〉
C ← 〈p1, p2, p3〉
For i = 4 to n do

Push pi to C
While isRightTurn(C[−2], C[−1], C[0]) do

a← Pop(C), b← Pop(C)
Push(C, a)

return C

Here C[−i] is the i-th element from the top of the stack C.

Lemma 3.1 The running time of GrahamCH is O(n) ignoring the sorting time.

Proof: All basic operations takes constant time. Furthermore, the time spend in the inner
while loop is bounded by O(n) as we can charge any iteration of it, to a deletion of one point
from the CH. Clearly, there are at most O(n) such events.

The sorting part of the algorithm takes O(n log n). Thus,

Theorem 3.2 Computing CH(P ) can be done in O(n log n) time using GrahamCH algo-
rithm.

3.2 Lower bound for computing Convex Hull

Idea: Let us show that if we can compute CH in linear time, then we can sort n numbers in
linear time.

Input: x1, x2, . . . , xn

We want to transform the numbers into points, such that their ordering along the convex-
hull would be exactly their sorted order.

Namely, all those new points must lie on the convex hull.
Q: How to do this???

7



A: Lift the numbers to the parabola y = x2.
xi → pi =(xi, x2

i ).

Clearly, all the points are in the convex hull in the order of the numbers on the real line.

Theorem 3.3 If sorting can be done in O(T (n)) time, iff convex hull computation can be
done in O(T (n)). Thus, under reasonable model, it takes Ω(n log n) time to compute CH.
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