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1 Voronoi Diagrams

1.1 Motviation

You have a city, with severl post-offices. You want to compute for all locations in the city,
which is the closest post-office (namely, for each post-office, you want to compute the area
that it serves).

1.2 Definiitions

Let P ⊂ IR2 be a finite set (of n) points that we call sites.
The Voronoi cell of p ∈ P , denoted Vp, is the set of points no farther from p than from

any site in P :
Vp = {x ∈ IR2 : ∀q ∈ P, ||x− p|| ≤ ||x− q||}.

Let h(p, q) be the set of points no farther from p than from q:

h(p, q) = {x ∈ IR2 : ‖x− p‖ ≤ ‖x− q‖}

and let `(p, q) be its bounding line, the bisector between p and q.
Clearly,

Vp = ∩p6=q∈P h(p, q)

and so Vp is a convex polygon or polyhedron (unbounded). Example for such a cell, see
Figure 1.2 (c).

Lemma 1.1 Vp is unbounded iff p is on the boundary of the convex hull of P .

Proof: Consider a site p on the boundary of the convex hull (it does not need to be a vertex),
and let q and q′ be the sites in P next to p on the boundary on both directions. Consider
the infinite ray ρ outside CH(P ) starting at p and bisecting the angle ∠qpq′ outside CH(P ).
It is clear that ρ is contained in Vp and so this is unbounded. See Figure 1 (a).

For the other direction, assume Vp is unbounded, hence it contains an infinite ray ρ
starting at p and contained inside Vp. Then the halfspace bounded by a line through p and
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orthogonal to ρ and not containing ρ must contain P ; therefore p is on the boundary of
CH(P ). More in general, the Voronoi cell of T ⊆ P , denoted VT (abusing notation a bit),
is the set of points not farther from any site in T that from any site in P :

VT = {x ∈ IR2 : ∀p ∈ T, q ∈ P, ||x− p|| ≤ ||x− q||}.

So
VT = ∩p∈T Vp.

For

• - |T | = 1: VT is a closed two dimensional cell (V ◦
T is not empty)

• - |T | = 2: VT is empty, or an edge – a line segment on `(p, q) where T = {p, q}, or a
vertex – also on `(p, q)

• - |T | ≥ 3: VT is empty or a vertex – the circumcenter of all the sites in T

The collection of nonempty cells

V(P ) = {VT 6= ∅ : T ⊆ P}

is called the Voronoi complex, or diagram or Tessellation, of P .
For x ∈ IR2, let CP (x) be the largest disk centered at x and with no point of P in its

interior (so its radius is the closest distance from x to a point in P ).

• (i) A point v ∈ IR2 is a vertex in V(P ) iff CP (x) has three or more sites in P on its
boundary.

• (ii) A point v ∈ IR2 is on the interior of an edge in V(P ) iff CP (x) has exactly two sites
in P on its boundary.

In fact, one can connect every two points by a segment, if there exists an empty disk that
have both points on its boundary. The resutling trianglualtion is known as the Delaunay
trinagulation of P . This is a dual structure to the Voronoi diagram. See Figure 1 (c).
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Figure 1: (a) Proof of Lemma 1.1. (b) Voronoi diagram with empty disks of its vertices. (c)
Voronoi diagram and its dual Dealuany triangulation.
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Figure 2: Voronoi complex as the projection of a lower envelope: Paraboloids or Cones.

Lemma 1.2 The number of vertices in V(P ) is at most 2n− 5 and the number of edges is
at most 3n− 6.

1.3 The Voronoi Diagram as a Projection

Let P be a set of n points p1, . . . , pn.
Consider the function di(q) that measures the euclidean distance to from q to pi:

Di(q) = ||q − pi||.

For a point q, if we want to know in each cell of the Voronoi diagram of P the point q
belongs to, we need to find the function D1(q), . . . , Dn(q) that returns the minimum value.

Namely, the distance to the nearest neighbor in P is just VP (q) = mini Di(q). See Figure 2
(a).

Namely, the Voronoi diagram is just the projection of the lower-envelope of D1, . . . , Dn.
By squaring the functions (this does not change the function that defines the minimum), we
get that the voronoi diagram, is just the lower envelope of parabolas:
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Lemma 1.3 V(P ) is the vertical projection of the lower envelope of the paraboloids dp,
p ∈ P .

1.3.1 Linearization.

Consider now:
fp(x) = x2 − di(x) = 2x · p− p2.

The graph of fp is precisely the plane in IR3 tangent to the paraboloid Π(x) = x2 at the
point (x; x2). Now, let

fP (x) = x2 −min
p∈P

dp(x) = max
p∈P

fp(x).

Thus:

Lemma 1.4 V(P ) is the vertical projection of the upper envelope of the planes fp, p ∈ P .

1.3.2 Voronoi Diagrams in 3d

See Figure 1.3.2 for how a Voronoi diagram in 3d looks like.

2 Divide-and-Conquer Algorithm

2.1 Representation

The Voronoi diagram is a planar graph, and we can encode it is a graph. However, we require
additional information stored with this graph:

1. For every vertex, its location in the plane.

2. For every vertex we have the list of adjacent neighbors sorted in a clockwise order.
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Figure 3: (a) Divide-and-Conquer: Red and blue diagrams. (b) (b) Divide-and-Conquer:
Separating chain.

3. Every edge knows its location i nthe adjacency lists of its two endpoints.

Given this representation, it si now easy to do things like, given an edge on the boundary of
a site p, output the polygon that contains p.

2.2 The Algorithm

The Voronoi diagram can be computed in time O(n log n) using a simple divide-and-conquer
approach: divide the set of sites in two nearly equal size sets, compute recursively the Voronoi
diagram and then merge. Since the work is in the merge, it is convenient to choose a split of
the set that makes it as easy as possible. Specifically, we will see that splitting the set with
a line (say a vertical one) will make the merging relatively easy.

Let P be the set of sites and let ` be a vertical line. Let R,B ⊆ P consist of the points in
P to the left and to the right of `, which we think of as colored with red and blue respectively.
In V(P ), we say that an edge is purple if it is incident to one blue and to one red face. The
purple edges form the separator Σ = Σ(P, `) between R and B.

Lemma 2.1 Σ is a y-monotone chain of edges, the first and last of which are infinite.

Proof: Any horizontal line `h intersects Σ exactly once: at least once because on the far left
the Voronoi diagram must be red and on the far right the Voronoi diagram must be blue; at
most once otherwise it would intersect a purple edge with a red cell on the right and a blue
cell on the left, a contradicion. Furthermore, since Σ must separate the plane, it follows that
it consists of a y-monotone chain of edges, the first and last of which are infinite.

Let us assume for simplicity general position: no 4 cocircular points.
The algorithm computes the chain Σ edge by edge from top to bottom. The first edge

is, from the argument above, on the bisector between the two sites that form the upper hull
bridge between B and R. As an invariant at the beginning of each step, we have the bisector
on which the last edge lies and in the generic step, the algorithm determines the ending
vertex and the bisector on which the next edge lies:

Let the last edge be on the bisector `(p, q) where p is red and q is blue. The next vertex
is either the intersection u of `(p, q) with the boundary of Vp(R) or the intersection v with
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Figure 4: Divide-and-Conquer: Searching for the next vertex

the boundary of Vq(B), whichever comes first. Say that v comes first and is on the blue edge
between Vq(B) and Vq′(B). Then Σ has reached a vertex formed by the sites p, q, q′ and will
continue on the bisector `(p, q′). To obtain an efficient algorithm, we have to determine u and
v carefully: since in the next step we have to compute the intersection of the bisector `(p, q′)
again with Vp(R), and this can happen many times, the accumulated cost could potentially
be quadratic if we simply scan the boundary of Vp(R) every time, or O(n log n) at best if we
use a data structure for Vp(R) that allows to find u in logarithmic time.

Let us look at Vp(P ) and Vp(R). The purple edges of Vp(P ), if any, form one or more
suchains in its boundary. Each is convex, and each cuts off some portion of Vp(R). By walking
around the boundary of Vp(R) in clockwise direction (possibly around infinity) from the
initial vertex of one such chain, the intersection with the current bisector can be determined
repeteadly at a total cost equal to the number of vertices cut off. This can be repeated
several times. The total cost is bounded by the size of Vp(R).

Thus, the total cost of merging is linear in the size of V(R) and V(B).

Lemma 2.2 The divide-and-conquer algorithm described above computes the Voronoi dia-
gram of a set of n points in time O(n log n).

3 Sweep Line Algorithm

We present an algorithm that follows the plane sweep technique. We need to be careful
though, it is not possible to keep the complete Voronoi diagram on the left of the sweep line
`. Let L, R denote the set of sites in P on the left and right of `. Given that L is known,
how much of V(P ) can be computed ? Points in R that are still to be discovered will affect
V(P ) on the left. However, if a point x ∈ IR2 is closer to a site on Pl than to `, then the
status of x – what cell in V(P ) it belongs to – can be already decided.

For each p ∈ Pl, let π(p, `) be the parabola of points at equal distance between from `
and from p. In points to the left of at least one π(p, `), the computation is already final.
Let Π(`) be the right envelope of the parabolas π(p, `). This is called the beach line. It is
y-monotone and consists of parabola arcs and breakpoints (edges and vertices in the complex
terminology). A breakpoint is the center of a circle that goes through to sites and is tangent
to ` (a circle on the left of `). Thus, a breakpoint traces a Voronoi edge.
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Figure 5: Sweep line algorithm: Beach line and partial Voronoi diagram.
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Figure 6: Events during the sweeping algorithm.

The sweep line algorithm simulates the continuous movement of the beach line in discrete
steps at which the combinatorial description changes: new parabola arcs appear or old
parabola arcs disappear. There are two types of events:

• Site event: The sweep line reaches a site. At this point a new parabola arc appears
in the beach line. It breaks the parabola arc directly in front of the site and is initially
infinitesimally thin. See Figure 6 (a).

• Circle events: The circumcircle of three sites in Pl becomes tangent to ` (previously
part of it was on the right of `. This event happens when two breakpoints adjacent on
the beach line and their corresponding circles become coincident.

– (i) Parabola arcs enter and leave the beach line exactly through site events. Fig-
ure 6 (b).

– (ii) Parabola arcs leave the beach line exactly through circle events. Figure 6 (c).

Proof: (i) Suppose that an arc β enters the beach line by breaking through an arc α in the
beachline. Then the two breakpoints u and v that appear on the beach line are on the edge
e of the Voronoi diagram formed by the two sites p and q that contribute the arcs α and β.
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Figure 7: Left: a parabola arc cannot break in through a beach line arc. Right: a parabola
arc cannot break in through a beach line breakpoint.

But since β breaks through α, both of these sites are to the left of the parabola of α. This is
a contradiction because p and q are on opposite sides of e. Now, suppose that an arc β enters
the beach line by breaking through a vertex u. Then at that moment a disk C centered at u
is tangent to the sweep line, its boundary contains the three points pi, pj, pk that determine
the arcs involved, and its interior contains no site. Because β breaks through, its site pj

must be between pi and pk. But the it is not possible that two breakpoints appear as the
sweepline moves: a disk with pi and pj on its boundary and tangent to ` would contain pk.

(ii) An arc disappearing through an arc of the beach line would lead to a contradiction
as in (i). The algorithm can be viewed as sweeping with a plane
in 3-d. First, note that the Voronoi diagram is also the lower envelope of an arrangement of
cones each on the graph of the distance function to one of the sites. Our algorithm sweeps
with a plane h that intersects the plane xy in the line ` and that forms an angle π/4 with
the xy plane. Since π/4 is the slope of the cones, the current intersection of h with the lower
envelope is not affected by the sites on the other side of `. This picture shows clearly that
we sweep over all the diagram and do not miss anything.

Data Structures.
The algorithm uses three data structures:

• Beach line: it is maintained in a balanced tree that allows search, insertion and deletion
in logarithmic time.

• Event queue: it stores the site and circle events ordered by x-coordinate of the site and
of the rightmost point of the circle respectively. Insert and delete-min operations take
logarithmic time.

• Voronoi diagram: a double-connected edge list representation is maintained as the
diagram is constructed.

Handling Events.
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• Site event: The new arc is inserted in the beach line after splitting in two the arc
being broken into, a possible cicle event associated with the that arc is deleted – a false
alarm –, the Voronoi diagram updated (new edge), and possible new cicle events are
inserted.

• Circle events: The disappearing arc is deleted from the beach line, the Voronoi
diagram is updated (new vertex and edge), and possible new cicle events are inserted.

Running time.
There are n site events and as many circle events as vertices are processed. Possible circle

events that are deleted from the event queue before being processed are accounted by other
real events. Since all the updates can be performed in time O(log n), the total running time
is O(n).
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