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1 Motivation

Assume that you have a robot, that has to move from one from one spot in a room to
another spot. Unfortunately, your robot is pretty big and has complicated shape, and there
are obstacles in the room.
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Let us consider a single obstacle, and consider the robot. We assume that the robot can
only translate (i.e., it can not rotate), and as such its location is uniquely defined by its
center point.

Now, we consider the configuration space. Here, the robot location is define but its center
location. As such, each obstacle defines a forbidden region in the configuration space. How
does this space looks like?

a

b

c

Clearly, (a) is not valid, and (b) is valid. The (c) location is the most interesting, as it is
critical - if we move the robot a bit, it intersects the obstacle, if we most a bit it is in a free
position (free=legal).

Let us try to compute those extreme positions. Those are defined by contacts:

1



1. A vertex of the robot touch an edge of the obstacle.

2. An edge of the robot touch an edge of the obstacle.

As the figure demonstrate, the forbidden region in the configuration space is bounded by
critical curves, where a vertex of the robot touches an edge of the obstacle, or alternatively
a vertex of the obstacle touches an edge of the robot.

If we consider only constraint of this type, we get a translated copy of the obstacle (here
we consider the constraint on the left top vertex of the robot, touching the edges of the
obstacle) which is part of the forbidden area defined by this obstacle.

Similarly, we get a rotate copy of the robot, for each vertex-edge contact between the robot
and a vertex of the obstacle.

Forbidden region

Here is how an edge of this forbidden polygon was computed:
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Now, we put all those forbidden polygons together:

The only allowed location for the robot, is a location which is outside the union of those
regions. Here is how it looks like:

And here is (schematically) the forbidden regions look together in the configuration space.
Everywhere inside the green region is forbidden...
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To remind the reader, we would like to find if there is a path from the source point s to
the destination point t. How can we solve this?

Well, clearly, this is now a question about reachability - can one arrives from s to t in
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the configuration space without intersecting any of the forbidden regions.
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We thus reduced the problem of robot motion planning in our settings, to the following
problem:

Problem 1.1 Given a set S of polygons in the plane (not necessarily disjoint), and two
points s and t, decide if there is a path between s and t which is outside the union of the
polygons of S.

n denotes the total complexity of those polygons.

To solve this problem, let us compute the vertical decomposition of the free space:
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We claim that given this vertical decomposition, we can compute whether there is a path
between s and t which is free. Indeed, consider the dual graph of the vertical decomposition.
Every vertical trapezoid is a vertex, and two vertices are connected iff there is a vertical wall
between them. It is clear that there is a path between s and t in the configuration space, iff
the two corresponding vertices are in the same connected component of this graph G.
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Thus, we reduced the problem of robot motion planning in our setting, to the problem
of computing the vertical decomposition of the forbidden polygons. Alternatively, let us
compute the vertical decomposition of all the segments forming the forbidden regions (note
that every obstacle would generate a large number of forbidden polygons, and every such
forbidden polygon, would contribute several segments to the collection of segments we are
considering).
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2 Computing Vertical Decomposition of Segments

Given a collection S of segments, we would like to compute their vertical decomposition:

How do we compute this vertical decomposition?
Well, ... use sweeping.
The main difference to other versions of sweeping we saw before, is that we need to handle

intersections. First, observe, that handling an intersection during a sweeping takes O(log n)
time (why?).

Indeed, at an intersection point of s1 and s2, we need to change the ordering of the
two segments in the y-structure. This can be done by deleting one them, just before the
intersection, and reinserting it just after the intersection point. This takes O(log n) time
using a fast binary tree.

The only problem is that we do not know all the intersection points in advance. One
option, is to compute for all pairs of segments of S their intersection points, and add them to
the events queue (i.e., the x-structure). This however would require O(n2 log n) preprocessing
time, which is expensive.

Alternatively, we can try and generate the intersection events in advance in a on demand
fashion. Namely, before the sweeping like is about to sweep an intersection, we need to
recognize that there is an intersection point, discover it, and add it to the events queue.

To do that, we need the following simple observation:

Lemma 2.1 For an intersection point v = s1∩s2 of two segments s1, s2 ∈ S there is a point
in time before the sweeping line sweep over v where s1 and s2are adjacent in the y order.

Thus, we can during the sweep, keep track of what is adjacent in the y-structure, and every
time two segments becomes adjacent in the y-structure, we go and compute their intersection
point, and push it to the event queue. Of course, if this point is already in the event queue,
we do not bother to push it into the queue.

One has to carefully inspect the details, but overall, we get the following result:

Theorem 2.2 Given a set S of n segments in the plane, with k intersection points, one can
compute the vertical decomposition of Arr(S) in O((n + k) log n) time.
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